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Foreword 
I S 0  (the International Organization for Standardization) is a worldwide federation of 
national standards bodies (IS0 member bodies). The work of preparing International 
Standards is normally carried out through IS0 technical committees. Each member 
body interested in a subject for which a technical committee has been established has 
the right to be represented on that committee. International organizations, govern- 
mental and non-governmental, in liaison with ISO, also take part in the work. 

Draft International Standards adopted by the technical committees are circulated to 
the member bodies for approval before their acceptance as International Standards by 
the IS0 Council. They are approved in accordance with I S 0  procedures requiring at  
least 75 % approval by the member bodies voting. 

International Standard IS0 5725 was prepared by Technical Committee ISO/TC 69, 
Applications of statistical methods. 

This second edition cancels and replaces the first edition ( IS0 5725-1981), of which it 
constitutes a minor revision. 

c 

Users should note that all International Standardsundergo revision from time to time 
and that any reference made herein to any other International Standard implies its 
latest edition, unless otherwise stated. 

O International Organization for Standardization, 1986 0 

Printed in Switzerland 
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INTERNATIONAL STANDARD IS0 R25-1986 (El  

Precision of test methods - Determination of 
repeatability and reproducibility for a standard test 
method by inter-laboratory tests 

O Introduction 

0.1 Tests performed on presumably identical material 
(see 4.2) in presumably identical circumstances do not, in 
general, yield identical results. This is attributed to unavoidable 
random errors inherent in every test procedure; the factors that 
may influence the outcome of a test cannot all be completely 

, controlled. In the practical interpretation of test data, this 
variability has to be taken into account. For instance, the dif- 
ference between a test result and some specified value may be 
within the scope of unavoidable random errors, in which case a 
real deviation from such a specified value has not been 
established. Similarly, comparing test results from two batches 
of material will not indicate a fundamental quality difference if 
the difference between them can be attributed to inherent 
variation in the test procedure. 

0.2 Many different factors (apart from variations between 
supposedly identical specimens) may contribute to the variabil- 
ity of a test procedure, including the following : 

a) the operator; 

b) the equipment used; 

c) 

d) 
etc.). 

the calibration of the equipment; 

the environment (temperature, humidity, air pollution, 

The variability between tests performed by different operators 
and/or with different equipment will usually be greater than 
between tests carried out by a single operator using the same 
equipment. 

.. / 

0.3 Precision is a general term for the variability between 
repeated tests. Two measures of precision, termed repeatability 
and reproducibility, have been found necessary and, for many 
practical cases, sufficient for describing the variability of a test 
method. Repeatability refers to tests performed under condi- 
tions that are as constant as possible, with the tests performed 
during a short interval of time (see 4.3) in one laboratory by one 
operator using the same equipment. On the other hand, 
reproducibility refers to tests performed in widely varying con- 
ditions, in different laboratories with different operators and 
different equipment. Under repeatability conditions factors a) 
to d) listed in 0.2 are considered constants and do not con- 
tribute to the variability, while under reproducibility conditions 
they vary and contribute to the variability of the test results. 
Thus repeatability and reproducibility are two extremes, the 
first measuring the minimum and the second the maximum 
variability in results. Other intermediate measures of variability 

between these two extremes are conceivable, such as repeti- 
tion of tests within a laboratory at longer time intervals, or by 
different operators, or including the effects of recalibration but 
these are not considered in this International Standard. If, in a 
particular situation, some intermediate measure should be 
needed, it must be clearly defined by some responsible author- 
ity, together with the circumstances under which it applies and 
the method by which it should be determined. 

0.4 The definitions used in this International Staidard are 
given in clause 3 and the symbols and subscripts used are given 
in annex C. 

A bibliography of the publications referred to in this Inter- 
national Standard is appended. 

1 Scope 

This International Standard establishes practical definitions of 
repeatability r and reproducibility R which lend themselves to 
numerical estimation by experiment (see clause 3). It does not 
provide any measure of the errors in estimating the values of 
r and R .  It discusses the implications of these definitions of r 
and R .  

This International Standard establishes basic principles for the 
layout, organization and analysis of experiments designed for 
estimating r and R (see clauses 6 to 17). Experiments for this 
purpose will be referred to as precision experiments. Only the 
simplest type of experiment for the estimation of r and R is con- 
sidered, which consists of tests on samples of identical material 
by several laboratories. 

This International Standard also presents rules for the inter- 
pretation and application of these estimates of rand R in prac- 
tical situations (see clauses 18 to 20). 

This International Standard does not deal with determining the 
accuracy of the test method, as measured by the difference 
between the overall mean value and the true value or conven- 
tional true value. 

2 Field of application 

This International Standard deals exclusively with test methods 
which yield a single numerical figure as the test result, although 
this single figure may be the outcome of a calculation from a 
set of observations. 
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I S 0  R25-1986 (E) 

The essence of the determination of precision values is that 
they measure the ability of a test method to repeat a given 
determination. Thus the implication is that exactly the same 
thing is being measured in exactly the same way. 

In order that the measurements are made in the same way, the 
test method shall have been standardized and in use in a 
number of different laboratories. All tests forming part of a 
precision experiment shall be carried out in accordance with 
that standard. 

Ideally, the various tests should be carried out using the same 
specimen. Unfortunately many tests are destructive in nature 
(chemical tests, strength tests of materials) so that the same 
specimen is not available for further determinations. Under 
such circumstances, different specimens shall be used, but 
to conform to the basic principle every effort shall be made to 
ensure that the specimens are as nearly identical as is possible. 
Care shall also be taken that the specimens are not just identical 

when the samples are prepared, but that they should also be 
identical at the time of testing. 

Because of the above principles, precision should not be deter- 
mined using specimens which are known not to be, or are even 
suspected of not being identical. Thus the specimens for test 
should be taken as similar sub-samples of one bulk sample, and 
shall never be drawn from different lots or different con- 
signments. These points are discussed further in 4.2. 

In practice, where destructive testing is involved, the contribu- 
tion to the variability in the test results arising from differences 
beween the specimens on which the tests are performed shall 
either be negligible compared to the variability of the test 
method itself or else form an inherent part of the test method, 
and thus truly a component of precision (see 4.2). 

The statistical model described in clause 5 is accepted as a 
suitable basis for the interpretation and analysis of the test 
results given by a precision experiment which conforms to the 
principles stated above. 
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IS0 5725-1986 (E) 

Section one : General principles 

3 
reproducibility of a standard test method 

Quantitative definitions of repeatability and 

3.1 For practical purposes quantitative definitions are 
needed; the fol lowing definitions conform with IS0  3534[11. 

3.1.1 
mined as the result of  an  observation. 

observed value : The value of a characteristic deter- 

NOTE - This is a single value obtained from a single observation. 

3.1.2 test result : The value of  a characteristic determined by  
carrying out a specified test method. 

NOTE - The test method may specify that a number of individual 
observations be made, and their average reported as the test result. It 
may also require standard corrections to be applied, such as correction 
of gas volumes to standard temperature and pressure. Thus a single 
test result can be a result calculated from several observed values. 

' ~ 

a% 

3.1.3 level of the test : The general average of the test 
results f rom all laboratories for one particular material or  
specimen tested. 

3.1.4 cell : The test results a t  a single level obtained by one 
laboratory. 

3.1.5 precision : The closeness of  agreement between 
mutually independent test results obtained under stipulated 
conditions. 

NOTES 
1 Precision depends only on the distribution of random errors and 
does not relate to the true value, conventional true value or specified 
value. 
2 

- -  
Repeatability and reproducibility are concepts of precision. 

3.1.6 repeatability : The closeness of agreement between 
mutually independent test results obtained under repeatability 
conditions. 

3.1.7 repeatability conditions : Conditions where mutually 
independent test results are obtained with the same method on  
identical test material in the same laboratory by  the same 
operator using the same equipment within short intervals of  
time. 

3.1.8 repeatability standard deviation : The standard 
deviation of  test results obtained under repeatability condi- 
tions. It is a parameter of dispersion of  the distribution of  test 
results under repeatability conditions. 

NOTE - Similarly, repeatability variance and repeatability coefficient 
of variation could be defined and used as parameters of dispersion of 
test results under repeatability conditions. 

3.1.9 repeatability value, r : The value below which the ab- 
solute difference between t w o  single test results obtained 
under repeatability conditions may be  expected t o  lie with a 
probability of  95 %. 

NOTE - For brevity, in the remainder of this International Standard, 
"repeatability value" is shortened to "repeatability" or just "r" where 
the context makes it clear that it is the values that are referred to. 

3.1 .IO repeatability critical difference : The value below 
which the absolute difference between two  single test results 
obtained under repeatability conditions may be  expected t o  lie 
with a specified probability. 

NOTES 
1 The specified probability has to be attached as a subscript to the 
symbol r of the repeatability critical difference, for example rw is the 
repeatability critical difference for a probability of 90 %. 
2 The repeatability value r is the repeatability critical difference for a 
probability of 95 %, the subscript being omitted in this special case. 

3.1.11 reproducibility : The closeness of  agreement be- 
tween test results obtained under reproducibility conditions. 

3.1.12 reproducibility conditions : Conditions where test 
results are obtained with the same method on  identical test 
material in different laboratories with different operators using 
different equipment. 

3.1.13 reproducibility standard deviation : The standard 
deviation of  test results obtained under reproducibility condi- 
tions. It is a parameter of dispersion of  the distribution of test 
results under reproducibility conditions. 

NOTE - Similarly, reproducibility variance and reproducibility coeffi- 
cient of variation could be defined and used as parameters of disper- 
sion of test results under reproducibility conditions. 

3.1.14 reproducibility value, R : The value below which the 
absolute difference between two single test results obtained 
under reproducibility conditions may be expected t o  lie with a 
probability of  95 %. 

NOTE - For brevity, in the remainder of this International Standard, 
"reproducibility value" is shortened to "reproducibility" or just "R" 
where the context makes it clear that it is the values that are referred to. 

3.1.15 reproducibility critical difference : The value below 
which the absolute difference between t w o  single test results 
obtained under reproducibility conditions may be expected t o  
lie with a specified probability. 

NOTES 
1 The specified probability has to be attached as a subscript to the 
symbol R of the reproducibility critical difference, for example Rw is 
the reproducibility critical difference for a probability of 90 %. 
2 The reproducibility value R is the reproducibility critical difference 
for a probability of 95 %, the subscript being omitted in this special 
case. 
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IS0 R25-1986 (E) 

3.2 The definitions given in 3.1 apply to results variable on a 
continuous scale. If the test result is discrete or rounded off, r 
and R are each the minimum value equal to or below which the 
absolute difference between two single test results is expected 
to lie with a probability of not less than the specified value. 

3.3 The terms "repeatability" and "reproducibility" have 
been adopted because they have been in common use for 
several years. The symbols r and R are already in general use 
for other purposes; in IS0 3534, r i s  recommended for the cor- 
relation coefficient and R (or w )  for the range of a single series 
of observations. There should, however, be no confusion if the 
full wordings "repeatability r" and "reproducibility R" are used 
whenever there is a possibility of misunderstanding; particularly 
when rand  R are quoted in standards. 

3.4 R and r as defined in this International Standard are 
meant in the first place as criteria by which to judge how far a 
difference between two single test results can be ascribed to 
random fluctuations; a difference larger than r or R is suspect 
and may justify the conclusion that there exists a systematic 
difference, or lead to some additional investigation. In this 
sense, rand R can be termed critical differences, to be applied 
to a pair of test results obtained under repeatability and 
reproducibility conditions respectively. 

3.4.1 It is sometimes required to compare the averages of two 
or more tests or to compare the average of a series with a 
specified value. Critical differences for such purposes can be 
derived from rand  R as explained in 19.2.1 to 19.2.4. 

3.4.2 As defined, r and R are associated with a probability 
level of 95 %. Sometimes critical differences with a probability 
level other than 95 % may be preferred; these can be computed 
as explained in 19.1.1. In such cases, to avoid misinterpreta- 
tions, the probability level should then be attached as a 
subscript; for example rgg or R,. 

3.4.3 The definitions in 3.1.9 and 3.1 .I4 refer to theoretical 
constants which in reality remain unknown. The values of r and 
R actually determined from a precision experiment as described 
in this International Standard are, in statistical terms, estimates 
of these constants, and as such are subject to errors. Conse- 
quently, the probability levels associated with rand R will not 
be exactly 95 % but only of the order of 95 YO, and this will also 
be true for other critical differences derived from them. This is 
unavoidable but does not seriously detract from their practical 
value as they are primarily designed to serve as tools for judging 
whether the difference between results could be ascribed to 
random uncertainties inherent in the test method or not. Dif- 
ferences larger than r or R are suspect. 

3.5 If the requirements of this International Standard con- 
cerning the number of laboratories to be included in a precision 
experiment and the number of tests they should each carry out 
are followed (see 10.11, the resulting estimates of r and R will 
be sufficiently precise for practical purposes, with the proviso 
that the laboratories participating are truly representative of all 
laboratories using the standard method. This hypothetical 
population is defined by requirements similar to those given in 
10.2. If a t  some future date it should become evident that this 
condition was not or is no longer satisfied by the original preci- 

sion experiment, then a fresh precision experiment may be 
required, unless it should be possible to re-estimate rand R to 
conform to the altered conditions. 

3.6 In principle, repeatability r, as defined in 3.1.9, can be 
applied to any test method within any single laboratory. A basic 
assumption underlying this International Standard is that, for 
a standardized test method, repeatability will be, at least ap- 
proximately, the same for all laboratories applying the standard 
method, so that it is possible to establish one common average 
repeatability applicable to any laboratory. However, any , 

laboratory can, by carrying out a series of tests under 
repeatability conditions, arrive at an estimate of its own par- 
ticular repeatability for the test method, and check it against 
the common standard value. Such a procedure has not been 
worked out in detail in this International Standard. 

3.7 When the reproducibility is to be used as a critical dif- 
ference, the pair of test results to be compared shall have been 
obtained from two laboratories selected at  random from the 
total population of laboratories using the standard test method. 
Where test results are always compared between the same two 
laboratories, caution is needed, because the probability level 
associated with R may then no longèr hold true owing to a 
possible systematic difference between the results from these 
two particular laboratories. If it is thought that this may be the 
case, the two laboratories in question should organize a preci- 
sion experiment bemeen themselves in order to determine the 
magnitude of this systematic difference. 

4 

3.8 Although throughout this International Standard 
repeatability and reproducibility are considered in terms of 
critical differences, there is no reason for preventing the ex- 
pression of precision results in terms of standard deviations or 
coefficients of variation if, for any particular application, this 
would be more appropriate. 

3.9 
variety of ways. For example, they can serve 

The values of r and R,  once determined, can be used in a 

- 
is up to standard (see 3.6); 

- 

- 
a product specification; 

- 
sure that conformity is verifiable by the test method; 

- 
obtained by a supplier and a consumer; 

- 

to verify that the experimental technique of a laboratory 

- 
in designing quality control procedures; 

in comparing test results from a batch of material with 

in designing the specifications in the first place to en- 

in comparing test results on the same batch of material 

in assessing the suitability of rival test methods. 

In some applications, various other factors may have to be 
taken into consideration, for example see 4.2.6. 

4 

4.1 Standard test method 

4.1.1 As stated in clause 2, the test method under investiga- 
tion has to be one that has been standardized. This means that 

Practical implications of the definitions 

4 
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IS0  5725-1986 (E)  

there has to be a standard, i.e. a written document that lays 
down in full detail how the test should be carried out, 
preferably including a description as to how the test specimen 
should be obtained and prepared. The estimates of r and R 
derived from such an experiment should always be quoted as 
valid only for tests carried out in accordance with the standard 
method. 

4,1.2 The existence of a standard for the test method implies 
the existence of an organization responsible for the establish- 
ment of the standard under study. 

4.1.3 Preparing a standard for a test method requires a careful 
evaluation of the method (or possibly several alternative 
methods) by means of experiments in which a number of 
laboratories take part. Such a standardization experiment will 
provide some preliminary information concerning the values of 
rand R .  The essential points underlying a precision experiment 
to determine rand R is that it will usually require the coopera- 
tion of a larger number of laboratories than for a standardiza- 
tion experiment, and that these laboratories shall be recruited 
from among all those using, or likely to use, the standard in 
normal operations and not exclusively consist of laboratories 
that have gained special experience during the process of stan- 
dardizing the method. Thus a precision experiment arranged 
for the determination of r and R should not as a rule be organ- 
ized until after the standard for the test method has been issued 
and is in general use. This does not mean, however, that any 
information regarding the possible values of rand  R obtained 
from a standardization experiment is of no value, as they can be 
taken into consideration when designing the precision experi- 

Y 

\ _, 

- - ment. 

4.1.4 A precision experiment can also be considered as a 
practical test of the adequacy of the standard. One of the main 
purposes of standardization is to eliminate differences between 
users (laboratories) as far as possible, and the data provided 
by a precision experiment will reveal how far this purpose has 
been achieved. Pronounced differences may indicate that the 
standard is not yet sufficiently detailed and can possibly be im- 
proved. If so, this should be reported to the standards panel 
with a request for further investigation. [See 9.6 cl, 17.2 b) and 
ci and 17.3.1 

-, 

, 

- 

4.2 Identical material 

4.2.1 In'a precision experiment, samples of a specific material 
or specimens of a specific product are sent from a central point 
to a number of laboratories in different places, different coun- 
tries, or even in different continents. The requirement that the 
tests in these laboratories shall be made on identical material 
refers to the moment when these tests are actually carried out, 
and in order to achieve this the following two different condi- 
tions have to be satisfied : 

a) the samples have to be identical when despatched to 
the laboratories, and 

b) they have to remain identical during transport and dur- 
ing the different time intervals that may elapse before the 
tests are actually performed in the participating laboratories. 

In organizing precision experiments, both conditions shall be 
carefully observed. 

4.2.2 A fluid or fine powder can be homogenized by stirring, 
and samples drawn from such batches can then be considered 
as identical at the moment they are prepared. Additional 
precautions may be needed to ensure that they remain identical 
up to the time the tests are carried out. If the material to be 
tested consists of a mixture of powders of different relative 
density or of different grain size, some care is needed because 
segregation may result from shaking, for example during 
transport. When reaction with the atmosphere may be ex- 
pected, the specimens may be sealed into ampoules, either 
evacuated or filled with an inert gas. For perishable materials, 
such as foodstuffs or blood samples, it may be necessary to 
send them to the participating laboratories in a deep-frozen 
state with detailed instructions of the procedure for thawing. 
Each case has to be judged on its merits. 

4.2.3 When the tests have to be performed on discrete ob- 
jects that are not altered by testing, they could, in principle at  
least, be carried out using the same set of objects in different 
laboratories. This, however, would necessitate circulating the 
same set of objects around many laboratories often situated far 
apart, in different countries or continents, with a considerable 
risk of loss or damage during transport. 

4.2.4 When tests have to be performed on solid materials that 
cannot be homogenized (such as metals, rubber or textile 
fabrics) and when the tests cannot be repeated on the same 
test piece, inhomogeneity in the test material will form an 
essential component of the precision of the measurement and 
the idea of identical material no longer holds good. Precision 
experiments can still be carried out, but the values of r and R 
may only be valid for the particular material used and should be 
quoted as such. A more universal use of r and R will be accep- 
table only if it can be demonstrated that the values do not differ 
significantly between material produced at different times or by 
different producers. This would require a more elaborate exper- 
iment than has been considered in this International Standard. 

4.2.5 In 4.2.1 to 4.2.4, reference is made to testing in different 
laboratories, with the implication of transportation of the test 
specimens to the laboratory, but some test specimens are not 
transportable, such as an oil storage tank. In such cases, 
testing by different laboratories means that different operators 
are sent with their equipment to the test site. In other cases, 
the quantity being measured may be transitory or variable, such 
as water flow in a river, when care shall be taken that the dif- 
ferent measurements are made under as near as possible the 
same conditions. The guiding principle shall always be that the 
objective is to determine the ability to repeat the same measure- 
ment. 

4.2.6 In practice, rand R ,  or other critical differences derived 
from them using the methods specified in 19.1.1 and/or 19.1.2, 
are often used in order to compare batches of commercial 
material with a specification or to compare two batches with 
each other. A difference larger than that critical difference can 
then, infer alia, be explained by the normal commercial in- 
homogeneity in the batches of material unless it has been 
possible to include this lack of homogeneity in the determina- 
tion of r and R .  However, in that case, the difficulties will be 
the same as those mentioned in 4.2.4. 
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4.3 Short intervals of time 

According to the definition in 3.1.7, tests for the determination 
of repeatability have to be made under constant operating con- 
ditions, i.e. during the time covered by the tests, factors such 
as those in 0.2 should be constant. In particular, the equipment 
should not be recalibrated between the tests unless this is an 
essential part of every single determination. In practice, tests 
under repeatability conditions should be conducted in as short 
a time as possible in order to minimize changes in those factors, 
such as environmental ones, which cannot always be 
guaranteed constant. [See 10.4.1 4 . 1  

5 Statistical model 

5.1 Basic model 

For estimating the precision of a test method, it is useful to 
assume that every single test result, y, is the sum of three com- 
ponents : 

y = m + B + e  ... (1) 

where, for the particular material tested, 

m is the general average; 

B is the between-laboratory variation; 

e is the random error occurring in every test. 

Other models are sometimes used, but the above will cover the 
majority of practical cases. (See 5.6.) 

5.2 General average, m 

5.2.1 The general average, m, of the material tested is called 
the "level of the test property"; specimens of different purities 
of a chemical or different materials (e.g. different types of steel) 
will correspond to different levels. In many technical situations, 
the level of the test property is exclusively defined by the test 
method, and the notion of an independent true value does not 
apply. However, in some situations, the concept of a true value 
p of the test property may hold good, such as the true concen- 
tration of a solution that is being titrated. The level rn is not 
necessarily equal to the true value p; the difference (rn - p ) ,  
when it exists, is called the "bias of the test method". 

5.2.2 When rand  R are used to test the difference between 
test results, a bias will have no influence and can be ignored. 
But when these criteria are used to compare test results with a 
value specified in a contract or in a standard, a bias will have to 
be taken into account where the contract or specification refers 
to the true value, p, and not to the test level, rn. If a true value 
exists and is known, the analysis of a precision experiment can 
indicate that there is a bias. (See note to 19.2.4.) 

5.3 Term B in the basic model (see 5.1) 

5.3.1 The term B is considered to be constant during any 
series of tests performed under repeatability conditions, but it is 
considered to behave as a random variable in a series of tests 
performed under reproducibility conditions. The procedures 

given in this International Standard were developed assuming 
that the distribution of this error variable was approximately 
normal, but, in practice, they work for most distributions pro- 
vided that they are unimodal and that the critical differences are 
for the 95 % level. Its variance is called the between-laboratory 
variance and is expressed as 

vadi?) = O: 

where O; includes the between-operator and the between- 
equipment variabilities. 

5.3.2 In general, B can be considered as the sum of both ran- 
dom and systematic components, but they are not separated in 
this analysis. No attempt has been made in this International 
Standard to give an exhaustive list of the factors that con- 
tribute to i?, but they include different climatic conditions, 
variations of equipment within the manufacturer's tolerances, 
and even the techniques in which operators are trained in dif- 
ferent places. 

-J 

5.3.3 If there are a limited number of laboratories likely to use 
the method at any time, B can only take a limited number of 
values, and to be of practical use, reproducibility shall be deter- 
mined from a set of laboratories which can be considered as 
selected at random from all those likely to use the method. 
Some caution is needed when the test results to be compared 
are always performed by the same laboratories. An example of 
the sort of problem that can arise in this situation is given in 
clause 23, in which the results from two (11 and 1) of the 
laboratories are shown to differ consistently by about 4 OC. 
Where only two laboratories are regularly concerned, 
reproducibility as such should not be used, but a cooperative 
experiment between the two laboratories to determine their 
relative bias, and thus their own specific reproducibility, should 
be carried out. 

5.4 Error term e in the basic model (see 5.1) 

5.4.1 The term e represents a random error occurring in every 
single test result and the procedures given in this International 
Standard were developed assuming that the distribution of this 
error variable was approximately normal, but, in practice, they 
work for most distributions provided that they are unimodal 
and that the critical differences are for the 95 % level. Within a 
single laboratory its variance is called the within-laboratory 
variance and is expressed as 

--L 

vade) = O: 

5.4.2 It may be expected that O$ will have different values in 
different laboratories due to differences such as in the skills of 
the operators, but, in this International Standard, it is assumed 
that for a properly standardized test method such differences 
between laboratories should be small and that it is justifiable to 
establish a common value of within-laboratory variance for all 
the laboratories using the test method. This common value, 
which is the average of all the within-laboratory variances taken 
over all the labaoratories taking part in the precision exper- 
iment, is called the repeatability variance and is expressed as 
- var(e) = OP 
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5.5 Relation between the basic model, and rand R 

When the basic model (see 5.1) is adopted, the repeatability 
value r depends solely on the repeatability variance (5.4.21, 
while the reproducibility value R depends on the sum of the 
repeatability variance and the between-laboratory variance 
(see 5.3.1). Thus, there are two quantities, called the repeat- 
ability standard deviation, expressed as 

or = d/var(ei 

and the reproducibility standard deviation, expressed as 

Hence 

repeatability value r = f a o r ,  and . . . (2) 

reproducibility value R =  fa^^ . . . (3) 

where 

the coefficient &!is derived from the fact that rand R refer 
to the difference between two single test results; 

f is a factor the value of which depends both on the 
number of test results available for estimating each of the 
variances and on the shape of the distributions of the com- 
ponents B and e (see 5.1). 

However, if these distributions are approximately normal and 
the number of test results is not too small, then for a probability 
level of 95 % the factor f will never differ much from the value 2 
and the use of this value is therefore recommended in this 
International Standard, with the value off @being rounded to 
be 2,8. (Taking into account variations in the factor f would 
lead to considerable complications and would not effectively 
contribute to the practical value of r and R.) 

In practice, as the exact values of the repeatability standard 
deviation and the reproducibility standard deviation are not 
known, they are replaced by their estimates s, leading to 

r = 2,8sr , . (4) 

R = 2,8~R . . . (5) 

5.6 Suitability of the basic model 

It is clear that me basic model presented in 5.1 is an approxima- 
tion that, by extensive experience, is known to satisfy practical 
requirements as a working hypothesis for designing the experi- 
ments and analysing the data. For the purposes of this Inter- 
national Standard, the model is an acceptable approximation as 
long as the experimental requirements laid down in section two 
are met and the statistical tests specified in section three do 

not yield significant results that indicate its unsuitability. The 
action that should be taken when these statistical tests indicate 
that the model is unsuitable are discussed in clauses 16 and 17. 

6 Design of a precision experiment 

6.1 In one layout, samples from q batches of material, 
representing q different levels of the test property, are sent t op  
laboratories which each perform n tests under repeatability 
conditions at  each level. These n tests are thus made on iden- 
tical material. This type of experiment is called a uniform-level 
experiment. 

6.2 An alternative preferred in certain cases (see 10.4.2) is 
the split-level experiment. Each level is split into two sub-levels, 
a and b, which are only slightly different. Each laboratory 
receives one sample from each of these sub-levels for testing. 

6.3 Full examples of both layouts are given in the case 
studies in section five. Practical considerations in planning and 
execution are given in section two. 

7 Analysis of the data 

7.1 The analysis of the data produced by a precision experi- 
ment, which should be considered as a statistical problem to be 
entrusted to a statistical expert (see 8.2 and 9.2), involves the 
following three successive stages : 

a) critical examination of the data in order to identify and 
treat outliers or other irregularities and to test the suitability 
of the model; 

b) 
level separately; 

c) establishment of final values of r and R ,  including the 
establishment of a relation between r, R and m when the 
analysis indicates that either of the first two depend on the 
level m. 

computation of preliminary values of r and R for each 

7.2 As detailed in 14.7 to 14.10, the analysis of a precision ex- 
periment first computes, for each level separately, estimates of 
the repeatability variances:, the between-laboratory variance s t  
and the reproducibility variance si,  as defined in 5.3, 5.4 and 
5.5, and then the values of repeatability r and the reproduc- 
ibility R .  

7.3 The analysis, especially 7.1 a), includes a systematic 
application of statistical tests, a great variety of which are 
available from the literature and which could be used for the 
purposes of this International Standard. For practical reasons, 
only a limited number of these tests, as explained in section 
three, have been incorporated in this International Standard. 
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Section two : Organization of an inter-laboratory precision experiment 

NOTE - The methods of operation within different organizations are not expected to be identical. Therefore, the contents of this section are only 
intended as a guide to be modified as appropriate to cater for a particular situation. 

8 Personnel requirements 

8.1 Panel 

f )  What number n of replicates should be specified and 
what amount of material should be sent to the laboratories ? 
(See 10.1.) 

The actual planning of the experiment should be the task of a 
panel of experts familiar with the test method and its applica- 
tion. 

g) Should each laboratory be sent n separate samples for 
each level or one sample for n replicate tests ? (See 10.3.) Or 
is a split-level experiment desirable ? (See 10.4.2.) 

8.2 Statistical expert 

At least one member of the panel should have experience in the 
statistical design and analysis of experiments. 

8.3 Executive officer 

The actual organization of the experiment should be entrusted 
to a single laboratory. A member of the staff of that laboratory 
shall take full responsibility; he is called the executive officer. 

8.4 Supervisors 

A staff member in each of the participating laboratories should 
be made responsible for organizing the actual performance of 
the tests in keeping with instructions received from the ex- 
ecutive officer, and for reporting the test results. 

8.5 Operators 

In each laboratory, the tests shall be carried out by one 
operator selected as representative of those likely to perform 
the tests in normal operations. He should be instructed by the 
supervisor as to the dates on which, and the order in which, the 
tests have to be carried out, but the instructions should not 
amplify the test method itself. 

9 Tasks and problems 

9.1 
panel : 

a) 

The following questions should be discussed by the 

Is a satisfactory standard available for the test method ? 

b) 

c) 
(See 10.1.) 

What is the range of levels encountered in practice ? 

How many levels should be used in the experiment ? 

d) What are suitable materials to represent these levels ? 

e) Should the material be specially homogenized before 
preparing the samples or should the heterogeneity in the 
material be included in the values of rand  R ? (See 10.3.) 

h) Should the laboratories be sent additional material for 
practical exercises before the official tests are performed ? 
(See 10.52.) 

i) How many laboratories should be recruited to cooperate 
in the experiment ? (See 10.1.) 4 

j )  
quirements should they satisfy ? (See 10.2.) 

k) What instructions should be issued to the supervisors 
concerning the execution of the tests, and to how many 
significant figures should the test results be reported ? (See 
10.4.1 and 10.5.1.) 

I) What information should be requested in addition to the 
numerical test results ? (See 10.6.) 

How should the laboratories be recruited and what re- 

m) Who should be appointed to be executive officer ? 

9.2 The tasks of the statistical expert are 

a) 
experiment; 

to contribute his specialized knowledge in designing the 

b) to analyse the data; 

ci to write a report for submission to the panel following 
the instructions contained in section three. d' 

9.3 
ment as planned by the panel, in particular 

The task of the executive officer is to organize the experi- 

a) 
laboratories and to ensure that supervisors are appointed; 

b) to organize and supervise the preparation of the 
materials and samples, and the despatch of the samples. 
For each level, a certain quantity of material should be set 
aside as a reserve stock; 

c) to draft instructions and circulate them to the super- 
visors early enough in advance for them to raise comments 
or queries; 

d) to design suitable forms for the operator to use as a 
working record and for the supervisor to report the test 
results; 

e) 
the statistical analysis. 

to enlist the cooperation of the requisite number of 

to collect the test results and prepare a table suitable for 
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9.4 The tasks of the supervisor are 

a) to hand out the samples to the operator(s) in keeping 
with the instructions of the executive officer; 

b) to supervise the execution of the tests (the supervisor 
shall not take part in performing the tests); 

c) to collect the test results, including any anomalies and 
difficulties experienced, and to report them to the executive 
officer. 

9.5 The tasks of the operators are 

a) to perform the tests in accordance with the standard 
test method; 

b) to report any anomalies or difficulties experienced (see 
10.5.1 and 10.5.3). 

9.6 The final tasks of the panel are 

a) to discuss the report by the statistical expert; 

b) to establish final values for the repeatability and 
reproducibility; 

c) to decide if further actions are required for improving 
the standard for the test method or with regard to 
laboratories whose results have been rejected as outliers 
[see 11.2.3 dll. 

9.7 As 9.2 and 9.6 are considered during the final stages of 
the statistical analysis, they are discussed further in section 
three. 

10 Comments on clauses 8 and 9 

10.1 

No hard and fast rules can be laid down. The number of levels 
in a precision experiment should be chosen in relation to the 
range of levels to be covered, bearing in mind the cost of per- 
forming tests. 

If the range of levels is very wide, r and R can be expected to 
depend on the level m. The use of at  least six levels is desirable 
in order to establish the relationship between these quantities in 
a satisfactory manner. On the other hand, for the example on 
the determination of the softening point of a tar product given 
in clause 23 (with a range of levels from 88 to 102 OC), the use 
of four levels may be considered as more than adequate. 

The number of laboratories should to some extent depend on 
the number of levels. It is recommended that the number of 
laboratories should never be fewer than eight; and if only one 
level is of interest, the number of laboratories should preferably 
be higher, for example 15 or more. 

Regarding the value of n, the recommended figure is two 
except where it is customary to make a larger number of 
replicates, such as with certain simple physical tests. 

Number of laboratories and levels 

10.2 Recruitment of participating laboratories 

10.2.1 From a statistical point of view, the laboratories par- 
ticipating in a precision experiment should be chosen at ran- 
dom from all laboratories likely to use the test method. 
Volunteers may not represent a realistic cross-section of 
laboratories. However other practical considerations may 
intervene, for example, a requirement that participating 
laboratories be distributed over different continents or climatic 
regions may affect the pattern of representation. The panel 
should lay down the recruitment policy and the requirements 
for the participating laboratories. 
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10.2.2 In enlisting the cooperation of the requisite number of laboratories, their responsibilities should be clearly stated. An example 
of a suitable enlistment questionnaire that may be used for this purpose is given below : 

Questionnaire on inter-laboratory study 

Title of test method (copy attached) : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 Our laboratory is willing to participate in the precision experiment for this standard test method. 

YES 0 NO 0 (tick the appropriate box) 

2 As a participant, we understand that 

a) all essential apparatus, chemicals and other requirements specified in the method shall be available in our 
laboratory when the programme begins; 

specified "timing" requirements, such as starting date, order of testing specimens and finishing date of the 
programme, shall be rigidly met; 

b) 

c) the method shall be strictly adhered to: 

d) samples shall be handled in accordance with instructions: 

e) a qualified operator shall perform the test. 

Having studied the method and having made a fair appraisal of our capabilities and facilities, we feel that we will be 
adequately prepared for cooperative testing of this method. 

3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Signature . . . . . . . . . . . . . . . . . . . . . . . . . .  

Company or laboratory : . . . . . . . . . . . . .  

10.3 Heterogeneity of the material 

When the material to be tested is not homogeneous, it is impor- 
tant to prepare the samples in the manner stipulated by the 
method, preferably starting with one batch of commercial 
material for each level. Some modification may be necessary to 
ensure that a sufficient amount of material is available to cover 
the experiment and keep a certain stock in reserve. For the 
samples at  each level, n separate containers should be used for 
each laboratory if there is any danger of the materials 
deteriorating once the container has been opened (e.g. by 
oxidation, by losing volatile components or in the case of 
hygroscopic material). In the case of unstable materials, special 
instructions on storage and treatment should be stipulated. 

In general when publishing values of r and R ,  it is recom- 
mended that the material used in the precision experiment 
should be clearly specified along with the range of materials to 
which the values can be expected to apply. 

10.4 Actual organization of the tests 

10.4.1 With q levels and n replicates, each participating 
laboratory has to carry out qn tests. The performance of these 
tests should be organized and the operators instructed as 
follows : 

a) All qn tests should be performed by one and the same 
operator using the same equipment throughout. 

b) Each group of n tests belonging to one level shall be 
carried out under repeatability conditions, i.e. in a short 
interval of time and by the same operator, and without any 
intermediate recalibration of apparatus unless this is an in- 
tegral part of making a determination. 

c) It is not essential that the q groups of n tests each be 
performed strictly within a short interval; different groups of 
tests may be carried out on different days. 
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d) If in the course of the tests the operator should drop 
out, another operator may complete the tests, provided that 
the change does not occur within a group of n tests at one 
level but only occurs between two of the q groups. Any 
such change shall be reported with the test results. 

e) It is essential that a group of n tests under repeatability 
conditions be performed independently as if they were n 
tests on different material. As a rule, however, the operator 
will know that he is testing identical material, but the point 
should be stressed to him in his instructions that the whole 
object of the experiment is to determine what differences in 
results can occur in actual testing. If it is feared that, despite 
this warning, previous results may influence succeeding test 
results and thus the repeatability variance, then a split-level 
experiment is considered the correct procedure (see 10.4.2). 

10.4.2 An alternative procedure, sometimes adopted when n 
equals 2, is that of using split-level experiments. Adoption of 
this procedure may be considered when it is feared that the 
operator, when testing successive identical samples, may be in- 
fluenced by the result of his first test. In this procedure, instead 
of using two samples that the operator has been told should be 
identical, or performing two tests on the same specimen of 
material, two series of p samples are prepared at slightly dif- 
ferent levels ma and mb (where ma - mb is small) and each of 
the p laboratories receives one sample from series a and one 
from series b for testing. It shall be distinguished clearly which 
test result belongs to series a and which to series b; they can- 
not be interchanged as can two test results on identical 
material. The values of r and R derived from a split-level experi- 
ment are valid for the mean level m equal to (ma + mb)/2. 

The split-level design requires a slight modification in the 
statistical analysis, as discussed in section three. 

10.4.3 Additional aspects of organizing the tests are as 
follows : 

a) it may be necessary to limit the time that should be 
allowed to elapse between the day the samples are received 
and the day the tests are performed; 

b) 
laid down in the standard method; 

any preliminary checking of equipment should be as 

c) 
the experiment and a sample identification. 

all samples should be clearly labelled with the name of 

10.5 Instructions to the operators 

10.5.1 Before performing the tests the operators should 
receive no instructions that supplement those contained in the 
standard test method; these alone should suffice. The 
operators should, however, be encouraged to comment on the 
standard, in particular to state whether the instructions con- 

tained in it are sufficiently unambiguous and clear. For exam- 
ple, ambiguities may arise when a standard has been translated 
into different languages. However, it is desirable that all par- 
ticipating laboratories report their test results to the same 
number of decimal places, and the supervisors should be in- 
structed accordingly. In commercial practice, the test results 
may be rounded rather crudely, and in a precision experiment it 
may be advisable to use one more decimal than is customary or 
laid down in the standard method. When r or R may depend on 
the level m, different rules for rounding may be needed for dif- 
ferent levels. 

10.5.2 An operator may not achieve normal precision when 
he carries out a test method for the first time or after a long in- 
terval. In such cases, subject to the decision of the panel or of 
the supervisors, the operators may be allowed to carry out a 
few unofficial tests in order to gain experience with the method 
before starting testing on the official samples of the precision 
experiment. Such preliminary familiarization tests shall never be 
performed on the official samples, and material for them should 
be supplied by the executive officer. 

10.5.3 The operators should be told to report any occasions 
when they are not able to follow their instructions or when they 
accidentally fail to keep to the instructions. They should also be 
told that it is better to report a mistake than to adjust the 
results, because one or two missing results will not spoil the ex- 
periment and may indicate a deficiency in the standard. 

10.6 Reporting the test results 

The supervisor of each laboratory should write a full report on 
the tests which should contain the following information : 

a) the final test results, taking particular care to avoid 
transcription and  ping errors, e.g. by using photocopies of 
the operators’ results; 

b) the original observations or readings (if any) from which 
the final results were derived, possibly by photocopying the 
operators’ workbook; 

c) 
test; 

d) information about irregularities or disturbances that 
may have occurred during the tests, including any change 
of operator that may have occurred along with a statement 
as to which tests were performed by which operator; 

e) the datek) on which the samples were received; 

comments by the operators on the standard for the 

f) the datek) on which each sample was tested; 

g) information about the equipment used, if relevant; 

h) any other relevant information. 
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Section three : Statistical analysis of the results of an 
i n ter- la bo ra to ry ex per i ment 

11 Preliminary considerations 

11.1 Statistical expert 

The analysis of the test results produced by a precision experi- 
ment is the task of the statistical expert who is a member of the 
panel and has taken part in planning the experiment. (See 8.2 
and 9.2.) 

11.2 Cells 

Each combination of a laboratory and a.level is called a cell of 
the precision experiment. In the ideal case, the results of an ex- 
periment with p laboratories and q levels consist of a table with 
p q  cells each containing n replicate results that can all be used 
for computing the repeatability r and the reproducibility R .  This 
ideal situation is not, however, always attained in practice. 
Departures occur due to redundant data, missing data and 
outliers. 

11.2.1 Redundant data 

Sometimes a laboratory may carry out and report more than the 
n replicates officially stipulated. In that case, the supervisor 
(see 8.4 and 9.4) reports, or is asked to report, why this was 
done and which are the correct test results. If the answer is that 
they are all equally valid, they can all be taken into account by 
using the computational procedure of 14.9. 

11.2.2 Missing data 

In other cases, some of the test results may be missing, e.g. 
due to the loss of a sample or a slip in performing the test. The 
analysis recommended in clause 16 is such that completely 
empty cells can simply be ignored, while partly empty cells can 
be taken into account by the computational procedure of 14.9. 
The reasons for the missing test results should be given in the 
su pervisor’s report. 

NOTE - If one of the two test results in a cell of a split-level experi- 
ment (see 10.4.2) is missing, the single test result available has to be 
discarded and the cell treated as an empty one. 

11.2.3 Outliers 

These entries among the original test results, or in the tables 
derived from them, deviate so much from the comparable en- 
tries in the same table that they are considered as irreconcilable 
with the other data. Experience has taught that outliers cannot 
always be avoided and have to be taken into consideration. 

The following practice is recommended for dealing with 
outliers : 

a) Cochran’s one-sided outlier test (see clause 12) and 
Dixon’s outlier test (see clause 13) are recommended in 
combination with the following procedures : 

P > 5 %, i.e. Cochran’s or Dixon’s test statistic is less 
than its 5 % critical value : the item tested is accepted as 
correct: 

5 % > P > 1 %, i.e. the test statistic lies between its 
5 % and 1 % critical values : the item tested is called a 
straggler and is marked with a single asterisk; 

P < 1 %, i.e. the test statistic is greater than its 1 % 
critical value : the item is called a statistical outlier and is 
marked with a double asterisk: 

P is the probability of the observed value of the test 
statistic. 

The 5 % and 1 % critical values for Cochran’s and 
Dixon’s tests are given in annexes A and B. 4 

b) Sometimes the actual application of these statistical 
tests may be omitted or other statistical tests may be chosen 
because a statistical expert will see from a cursory examina- 
tion of the data (for example from a graphical presentation) 
that the test will yield either a non-significant or a highly 
significant result. In case of any doubt, however, the test 
should always be applied. 

c) It is next investigated whether the stragglers and/or 
statistical outliers can be explained by some technical error, 
e.g. a slip in performing the test, a computational error, a 
clerical error in transcribing a test result or the analysis of 
a wrong sample. Where the error is of the computation or 
transcription type, the suspect test result should be re- 
placed by the correct value; where the error is in analysing 
the wrong sample, the test result should be placed in its cor- 
rect cell. After such correction has been made, the examin- 
ation for stragglerdoutliers should be repeated. If the 
explanation of the technical error is such that it proves 
impossible to replace the suspect test result, it should be 
discarded as a real outlier that does not belong to the exper- 
iment proper. 

d) When several unexplained stragglers and/or statistical 
outliers occur at  different levels within the same laboratory, 
that laboratory may be considered as an outlier, having too 
high a within-laboratory variance, and/or too large a 
systematic error in the level of its test results. It may then be 
reasonable to discard some or all the data from such an 
outlying laboratory. 

(This International Standard does not provide a statistical 
test by which suspected laboratories may be judged. The 
primary decision should be the responsibility of the 
statistical expert, but all rejected laboratories shall be 
reported to the panel for further action. Examples of out- 
lying laboratories occur in the case study of clause 24.) 

e) When any stragglers and/or statistical outliers remain 
that have not been explained or rejected as belonging to an 
outlying laboratory, the stragglers are retained as correct 
items, and the statistical outliers are discarded, unless the 
statistician for good reasons decides to retain them. 
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11.3 Computation of r and R 

The computation of the repeatability r and the reproducibility R 
is carried out, for each level separately, from the data remaining 
after elimination or correction of the stragglers and/or outliers. 

11.4 Functional relation between r ,  R and m 

Provided that there are several levels and that a functional rela- 
tion between r (and/or RI and m is expected (see 15.11, it is 
then investigated whether r (and/or R )  depends on m and, if 
so, the relationship between these quantities is determined. 

11.5 Notations used 

As stated in 11.2, the ideal case is p laboratories Li (i  = 1, 2, 
. . . , pi, each testing q levels Mi U. = 1, 2, . .., q)  and n replicates 
at each level (each LiMj  combination) giving a totalpqn results 
of the tests. As a result of redundant (see 11.2.11, missing 
(see 11.2.2) or deviating (see 11.2.3) results, or deviating 
laboratories [see 11.2.3 d)l, this ideal situation is not always at- 
tained. Under these conditions, the notations given in 11.5.1 to 
11.5.3 will be used in the remainder of this International Çtan- 
dard. Specimen recommended tables for the statistical analysis 
are given in figure 1. For convenience they will be referred to 
simply as tables A, B and C rather than as figure 1. 

11.5.1 Original results (tabler A) 

11.5.1.1 Case of a uniform-level experiment 

nii 

y,,k 

pj is the number of laboratories reporting at  least one result 
(after any result designated as an outlier has been eliminated). 

is the number of results in cell L i M j  

is any one of these results ( k  = 1, 2, ..., n$, 

11.5.1.2 Case of a split-level experiment 

yiia and y,jb are the results obtained, respectively at  sub-levels a 
and b, level j ,  laboratory i. The notation pj is applicable to this 
case only when both results for the two sub-levels exist. 

11.5.2 Measures of cell spread (table BI 

These are derived from table A (see 11.5.1) and table C (see 
11.5.3) as described in 11.5.2.1 and 11.5.2.2. 

11.5.2.1 Case of a uniform-level experiment 

For the general case, use the intra-cell standard deviation 

. . . (6) 

Small, and in themselves unimportant, rounding errors in vij 
can produce considerable errors in sp Hence formula (7) is 
preferred, and formula (6) should be used only with coded 
data. (See 14.11.) 

The standard deviation should be expressed with one more 
decimal place than the results in table A. 

For the particular cases where all nij  = n = 2, use the cell 
range 

w . .  iJ = I y . .  lJ1 - Y021 . . . (8 )  

that is, without regard for sign. 

11.5.2.2 Case of a split-level experiment 

d . . = y . .  - y . .  
IJ iJa iJb 

taking the sign into account. 

(9) 

11.5.3 Cell averages (for the two types of experiment) 
(table Cl 

These are derived from table A as follows : 

. . . (10) 

The cell averages should be recorded with one more decimal 
place than the test results in table A. 

11.5.4 Simplified notations used in clauses 12,13 and 14 

Clauses 12 and 13 concern statistical tests and clause 14 relates 
to procedures for calculating r and R ,  which are applied 
separately at each level (fixed j ) .  In these clauses, for clarity 
of layout, the subscript j will be omitted from the notations 
defined in 11.5.1 to 11.5.3, when this subscript is not indis- 
pensable. 

13 
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Table A - Recommended form for the collation of the original data 

Uniform-level experiment Split-level experiment 

Table B - Recommended form for the collation of measures of spread 

Uniform-level experiment Split-level experiment 

Table C - Recommended form for the collation of cell averages 

i 

Figure 1 - Recommended forms for the collation of test results for analysis 

14 
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11.5.5 Corrected or rejected data For the particular case where all ni = n = 2, the cell range 
wi = f i s i  is used, giving 

P 

W? 
sp'= 2p 1 c 

I =  1 

and 

As some of the data may be corrected or rejected on the basis 
of the tests outlined in 11.2.3, the values of yuk. nij and pj used 
for the final determinations of rand R may be different from the 
values referring to the original test results as recorded in 
tables A, B and C in figure 1 .  Hence, in reporting the final 
values of r and R .  it should always be stated what data, if any, 
have been corrected or discarded. 

11.6 Repeatability variance s r  and between- 
laboratory variance sf 

The values of sf and s: are given by the following equations 
for a given level j .  For convenience, the subscript j has been 
dropped. 

Li = 1 J 
These formulae are illustrated in an example given in 14.7.2. 

11.6.2 Case of a split-level experiment 

11.6.1 Case of a uniform-level experiment 
i =  1 

where 

d =  -E l P  di 
P 

. . . ( 1 1 )  i =  1 
s? = 

i =  1 

. . . (16) 

where 

P i=-cy, 1 
P where 

i =  1 

The application of these formulae in an example is given in 
14.10.2. 

= i = l  y=---- . . . (13) 

12 Cochran's test 

12.1 As explained in 5.4.2, this International Standard 
assumes that between laboratories only small differences exist 
in the within-laboratory variances. Experience, however, shows 
that this is not always the case, so that a test has been included 
to test the validity of this assumption. 

Three tests1) could be used for this purpose, namely 

a) 

b) 

c) 

Bartlett's (1937) variance homogeneity test; 

Hartley's (194û) variance ratio test; 

Cochran's (1941) one-sided outlier test. 

; =  1 

i =  1 - I  . . .  (14) 2 n i j  

i =  1 L 

The application of these formulae in an example is given in 
14.8.2 and 14.9.2. 

1) 
3rd ed., Cambridge University Press, 1976, Vol. 1, chapter 16121 in which 

All three tests are fully explained in PEARSON, E.S. and HARTLEY, H.O. Test for heterogeneity of variance, Biometrika tables for statisticians, 

- 
- 
- 

Bartlett's test is explained in 16.1 on page 63; 
Hartley's test is explained in 16.5 on page 67; 
Cochran's test is explained in 16.5 on page 67. 

15 
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The first two tests, however, cannot be applied when one of 
the variances in a set is zero, which may easily happen as a 
result of rounding and of the small number of test results on 
which the variances are based. Moreover, these tests, even if 
no zeros occur, are very sensitive against the value of the 
smallest variance which, again due to rounding, is unreliable. 
For these reasons, only Cochran's test is given in detail in this 
International Standard. 

Cochran's test applies only to uniform-level experiments, as it is 
a test based on homogeneity of variance. For a split-level ex- 
periment, Dixon's outlier test (see clause 13) is applied to the 
cell differences di. 

12.2 Given a set of p standard deviations si, all computed 
from the same number n of replicate test results, Cochran's 
criterion C is given by 

2 s: 
i =  1 

In the case of two replicates, the ranges wi can be used instead 
of the standard deviations si, and Cochran's criterion then 
becomes 

In these expressions, s,,, and w,,, stand for the highest 
values in the set. If the test is significant, s,,, (or wmax) is 
classified as a straggler or statistical outlier according to the 
procedure of 11.2.3 a). Critical values for Cochran's criterion at 
the 5 % and 1 % levels are given forp = 2 to 40 and n = 2 to 
6 in annex A. 

Cochran's test shall be applied to table B in figure 1 at each 
level separately. 

12.3 As stated in 12.2, Cochran's criterion applies strictly 
only when all standard deviations are derived from the same 
number n of test results obtained under conditions of 
repeatability. In actual cases, this number may vary due to 
redundant, missing or discarded data. This International Stan- 
dard assumes, however, that in a properly organized experi- 
ment, such variations in the number of test results per cell will 
be limited and can be ignored, and therefore Cochran's 
criterion is applied using for n the number of results occurring 
in the majority of cells. 

Cochran's criterion tests only the highest value in a set of stan- 
dard deviations or ranges and is therefore a one-sided outlier 
test. Variance heterogeneity may, of course, also manifest itself 
in some of the standard deviations being comparatively too 
low. However, small values of standard deviation or range may 
be very strongly influenced by the degree of rounding of the 
original test results and are for that reason not very reliable. 

In addition, it seems unreasonable to reject the data from a 
laboratory because it has accomplished a higher precision in its 
test results than the other laboratories. Hence, Cochran's 
criterion is considered adequate. 

12.4 A critical examination of table B of figure 1 may 
sometimes reveal that the standard deviations for a particular 
laboratory are at all or at most levels lower than those for other 
laboratories. This may indicate that the laboratory works with a 
lower repeatability than the other laboratories, which in turn 
may be caused either by a modified or incorrect application of 
the standard test method or by better technique and equipment. 

If this occurs, it should be reported to the panel, which should 
decide whether the point is worthy of more detailed investiga- 
tion. (An example of this is laboratory 2 in the experiment 
described in clause 22.) 

12.5 If the highest standard deviation is classed as an outlier, 
then the value should be omitted and Cochran's test repeated 
on the remaining values. This process can be repeated but it 
may lead to excessive rejections when, as is sometimes the 
case, the underlying assumption of normality is not sufficiently 
well approximated. The repeated application of Cochran's test 
is proposed in this International Standard only as a helpful tool 
in view of the lack of a statistical test designed for testing 
several outliers together. Cochran's test is not designed for this 
purpose and great caution should be exercised in drawing con- 
clusions; in particular when this technique reveals several 
statistical outliers in different laboratories within only one of the 
levels, some of these may not really be significant. The data 
have to be examined carefully to decide which outliers can be 
rejected and which can be retained. On the other hand, if 
several stragglers and/or statistical outliers are found at dif- 
ferent levels within one laboratory, this may be a strong indica- 
tion that the laboratory's within-laboratory variance is excep- 
tionally high, and the whole of the data from that laboratory 
should be rejected. 

- 

13 Dixon's test 

13.1 Given a set of data d h ) ,  h = 1, 2, ..., H ,  arranged in 
order of magnitude, then Dixon's test uses the following test 
statistics : 

H 

3 to 7 

8 to 12 

13 or more 

Test statistic 

z(2) - z(1)  
z ( H  - 1) - ~ ( 1 )  

Ql l  = the larger of 

z(3) - z(1)  
z ( H  -2 )  - ~ ( 1 )  Qz = the larger of 
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Critical values of these test statistics at the 5 % and 1 % levels 
and for values of H = 3 to 40 are reproduced in annex B. 

13.2 
be applied to 

In analysing a precision experiment, Dixon's test should 

a) the test results within a cell of table A in figure 1 when 
no > 3, provided that Cochran's test has already indicated 
an anomaly. In this case, h = k, H = no, and z ( h )  = y g k ,  
i and j both being fixed; 

b) the cell averages for a given level j in table C in figure 1, 
when in that case, h = i, H = pi. and z ( h )  = xb j being 
fixed; 

c) the cell differences, do = yoa - yGb, for a given level 
of a split-level experiment given in table B in figure 1, when 
in that case, h = i, H = pi. and z ( h )  = dij, j being fixed. 

13.3 If Dixon's test reveals one of the extreme values in a 
series (the highest or the lowest) as a straggler or statistical 
outlier, the test should again be applied to the remaining H - 1 
values; and if this once more proves one of the extremes as 
suspect, the test should be applied afresh to the remaining set 
of H - 2 values. However, as explained in Cochran's test in 
12.5, great caution should be exercised in drawing conclusions 
from the result of repeated applications of Dixon's test, and the 
comments in 12.5 also apply to this test. 

14 Computation of the mean level rn, the 
repeatability r and the reproducibility R 

14.1 Method of analysis 

In this International Standard, the method of analysis adopted 
involves carrying out the computation of rn, r and R for each 
level separately. When there are q levels, the results of the 
computation are expressed as mi. rj and Rj  = 1, 2, . . . , q).  
Subsequently, it is investigated whether r and/or R depend on 
rn and if so, the functional relationship is determined. 

14.2 Basic data 

The basic data needed for the computations are presented in 
the three tables in figure 1 (see 11.5) : 

- table A containing the original results; 

table B containing the measures of within-cell spread; - 

- table C containing the cell averages. 

14.3 Non-empty cells 

As a consequence of the rule stated in 16.9, the number of non- 
empty cells to be used in the computations will, for a specified 
level, always be the same in tables B and C. An exception might 
occur if, owing to missing data, a cell in table A contains only a 
single test result, which will entail an empty cell in table B but 
not in table C. In that case, it is possible either 

a) 
empty cells in both tables B and C, or, 

b) 
to insert a nominal value of zero (O) in table B. 

to discard the solitary test result, which will lead to 

if this is considered an unwarranted loss of information, 

If option b) is taken, the computations have to be carried out in 
accordance with 14.9. For a cell with a single test result, any 
value could be inserted in table B without influencing the final 
outcome, but a nominal value (O) seems most appropriate. 

The number of non-empty cells may be different for different 
levels; hence the subscript j in pi .  

14.4 Number of replicates per cell 

Owing to missing data or to the possible rejection of some of 
the original test results, the number of replicates per cell in 
table A (see 11.5.1) need not be the same, and this number is 
therefore denoted by no for laboratory i and level j .  

14.5 Rounding of results 

The computations described in the remainder of this clause 
assume that the instructions for rounding specified in 11.5.2 
and 11.5.3 have been observed. No further rounding should be 
carried out in the course of the computations, but an ap- 
propriate rounding should be applied to the final results m, r 
and R .  

14.6 Variations of procedure 

The computational procedure depends on the type of exper- 
iment and on the number of replicates in the cells. Four dif- 
ferent situations are examined, each illustrated by a numerical 
example, which cover most situations likely to arise. In each 
example, only one level is considered so for convenience the 
subscript j has been omitted. Any outliers found have already 
been discarded and only the acceptable data are quoted. The 
data shown have been extracted from tabies B and C only, as 
table A is irrelevant at this stage. 

If, owing to random errors, a negative value for SE is obtained 
from the calculations, a value of zero should be substituted in 
the formula for s;. 

17 

STANDARDSISO.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 IS
O 57

25
:19

86

https://standardsiso.com/api/?name=53083986c905cafe068ee2399638b56a


IS0 R25-1986 (E) 

table B 
wi 

0.5 
0.0 
0 2  
0,4 
0,3 
0 2  
0.0 

14.7 Uniform-level experiment with n = 2 replicates per cell 

14.7.1 Basic data for one of the levels from tables B and C (see figure 1) 

table C 
Yi. 

31.45 
30.90 
30,80 
31,30 
31.45 
31,50 
31.40 

Laboratory 

7 

14.7.2 Computational formulae and numerical results 

Number of laboratories : p 

Number of replicates : n 

Ti = 

T2 = 

T3 = I: W: 

p = 7  

n = 2  

Ti = 218,80 

T2 = 6839,5550 

T3 = O,!% 

7 X 6 839,555 O - 218,802 0,041 4 
sf = - 0,061 3 

s; = 0,061 3 + 0,041 4 = 0,1027 

7 x 6  2 

218,80 
7 

m=-- - 31.26 

r = 2,8 d m =  0,57 

R = 2.8 d m  = 0.90 

18 
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14.8 Uniform-level experiment with a constant n > 2 replicates per cell 

Original data 
from 

table C 
vi 

28.03 
21.25 
22.47 
25,50 
33.08 
24.23 
20,53 
30, lJ  
22.40 

14.8.1 Basic data for one of the levels from tables 6 and C (see figure 1) 

Number of 
replicates 

“i 

3 
3 
3 
3 
3 
3 
3 
3 
3 

Laboratory 

I 
table B 

s; 

0,82 
1,w 
3 m  
0.58 
1.49 
0.50 
2.38 
0.93 
1 .O7 

14.8.2 Computational formulae and numerical results 

Number of laboratories : p 

Number of replicates : n 

Ti = cyi. 
T2 = x$ 
T3 = ZS? 

r = 2,8@ 

R = 2,8 & 

p = 9  

n = 3  

Ti = 227.66 

T2 = 5 907,243 4 

T3 = 22,403 1 

- 2,4892 +-- 22,403 1 
9 

9 x 5 907,243 4 - 227,662 2,489 2 
S’L = - 17.7274 

9 x 8  3 

SR = 17,727 4 +2.489 2 = 20,216 6 

227.66 

9 
m = - -  - 25.30 

r = 2.8 Jz;489T = 4.42 

R = 2,8J20;2166 = 12,6 

19 
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14.9 Uniform-level experiment with unequal number of replicates per cell 

14.9.1 Basic data for one of the levels from tables B and C (see figure 1) 

Laboratory 

I 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

Original data 
from 

table C 
Yi. 

table 0 
si 

0.14 
0,14 
0.07 
0.21 
0.10 
0,21 
0,28 
0,21 
0,28 
0,35 
(01 

14.9.2 Computational formulae and numerical results 

Number of laboratories : p 

Ti = 

T2 = Cn;Ff 

T3 = Cn; 

T, = Enf 

T5 = Z ( n i  - l)*s? 

s; = sf + s; 

r = 2,8@ 

R = 2 . 8 4  

21.30 
21,50 
20.75 
21,75 
20.90 
21,05 
21.50 
20.85 
21,lO 
20.85 
21.30 

Number of 
replicates 

ni 

2 
2 
2 
2 
3 
2 
4 
2 
2 
2 
1 

p = 1 1  

Ti = 508.30 

T2 = 10 767,765 O 

T3 = 24 

T4 = 58 

T5 = 0,632 5 

0,632 5 $ - -  - 0,0486 
24 - 11 

24(11 - 1) 24 x 10 767,765 O - 508,302 

24(11 - 1 )  sf = - 0 , 0 4 8 4 1  242 - 58 1- 0,0884 

S’A = 0.088 4 + 0,048 6 = 0,137 O 

508,30 
24 

m=-- - 21.18 

r = 2 , 8 J m  = 0.62 

R = 2 , 8 4 m =  1.04 

20 
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14.10 Split-level experiment 

14.10.1 Basic data for one of the levels from tables B and C (see figure 1) 

Laboratory 

i 

Original data 
from 

table B 
di 

- 0.54 
- 0,47 
- 0.43 
- 0.48 
- 0,51 
- 0,49 
- 0.53 
- 0,50 
- 0,57 

14.10.2 Computational formulae and numerical results 

Number of laboratories : p 

Ti = 

T2 = 

T3 = Ed;  

TA = x d ?  

PT4 - 
2p(p - 1)  

s; = 

I s; = s: + sp 
Ti I m = -  
P 

s; = S’L + sf * 
r = 2,8& I I R = 2,8& 

table C 
.7j 

18,770 
18,615 
18,465 
19,660 
18,865 
18,335 
18,895 
18,680 
19,105 

p = 9  

Ti = 169,390 

T2 = 3 189,327 850 

T3 = -4.52 

TA = 2,283 8 

9 x 2,283 8 - ( -  4,52P 
s; = = 0,000 860 

2 x 9 ~ 8  

9 x 3 189,327 850 - 169,3902 0,ooO 860 
sf = - 0,152050 

9 x 8  2 

S; = 0,152 050 + 0,000 860 = 0,152 910 

169,39 
9 

m=-- - 18,821 

r = 2,84’ = 0,082 

R = 2 . 8 J M  = 1,09 
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14.11 Coding data 

14.11.1 The calculations can often be simplified and the risks 
of computational errors reduced by coding the data. The objec- 
tive of coding is to reduce the number of digits to be handled 
and/or to reduce the number of decimal places involved. This is 
achieved by ~ubtracting a suitable number (the coding cons- 
tant) from the basic data and multiplying the remainder by a 
factor (the coding factor) which is usually an integral power 
of IO. 

The data to be used in the calculations then become 

x = v ( y  - U )  

where 

x is the coded data; 

y is the original data; 

U is the coding constant; 

v is the coding factor. 

From this, .Fjj = v(Y ,  - U )  and the other coded values are 
related to their uncoded equivalents by 

coded wji = v(uncoded w$, 

coded sji = viuncoded s$, 

coded dii = v(uncoded diil, 

and any of these relationships lead to 

coded s: = v2(uncoded $1, 

coded sf = vZ(uncoded s:). 

At the end of the calculations, the coded results are translated 
back to the original units, first by dividing by v to remove the 
coding factor and then, in the case of the mean level, by adding 
back the coding constant U. 

Coding may be introduced either at  the stage of the basic data 
(table A) or at a later stage (tables B and Cl. 

The example given in 14.11.2 shows the effect of coding by 
repeating the calculation of 14.10. The coding constant 
U = 18,000 and the coding factor v = 100. 

Thus the data become 

.Fj (coded) = 100 - 18,000) 

so, for laboratory 1, 

Xc, = 100(18,770 - 18,000) = 77,O 

d,l = 100(dl) = 100(-0,54) = -54 

NOTE - The coding constant U has no effect on the within-cell dif- 
ference, nor would it affect the within-cell standard deviations or 
ranges in the other examples, Therefore only the coding factor v 
affects the contents of table B. 
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Original data 
from Laboratory 

14.11.2 Basic data for one of the levels f rom tables B and C (see figure 1) 

Coded data 
for 

1 
2 
3 
4 
5 
6 
7 
8 
9 

I I table B 1 table C I table B 1 table C 

- 0,54 
- 0,47 
- 0,43 
- 0,4a 
- 0.51 
- 0.49 
- 0,53 
- 0,50 
- 0,57 

-54 
- 47 
- 43 
-48 
- 51 
- 49 
- 53 
-50 
-- 57 

18,770 
18,615 
18,465 
19.660 
18,865 
18,335 
18,895 
18,680 
19.105 

77.0 
61.5 
46.5 

166.0 
86.5 
33.5 
89.5 
@,O 

110.5 

14.11.3 Computational formulae and numerical results 

p l 2  - 1: s; ,2 - . - - 
L-p(p -1 )  2 

SR = s t  + s; 

9 x 72 878.50 - 739,02 8.60 
sf = -___~_~__-- - ~ - 

SR = 1520,5 + 8,60 = 1 529,î 

- 1 520,5 
9 x 8  2 

I 

Number of laboratories : p 

Coding constant : U 

Coding factor : v 

11 = Exc; 
12 = E$, 
t3 = Ed,; 

14 = Ed:; 

p = 9  

U = 18,000 

v = 100 

il = 739,O 

t2 = 72 878,50 

I3 = -452 

t4 = 22838 

It can be seen by comparison with the uncoded calculation in 14.10 that : 

coded tl = viuncoded TI - pu)  

coded t2 = v2T2 - 2v2T, + pv2u2 

coded t3 = vT3 

coded t4 = v2T4 

The coded values of s:, s: and SE are then calculated in the usual way. 

NOTE - The coded variances are exactly v2 times the iincoded values. 

9 x 22 838 - i - 452i2 2 
- = 8.60 

~ 1 . 4  - t3 
,2 = ___ I 2P(P - 1)  2 x 9 ~ 8  

In the final stage, the values of m, r and R are decoded as follows : 

739.0 
m = 18,000 + - - 18,821 11 m = u + -  

VP 100 x 9 

1 - I R = l 2 , 8 &  1 R = -2,841 529,l = 1,09 
1 O0 

It can be seen that the final results for m, rand R are identical to those found using the basic data without coding. 
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15 Establishing a functional relationship 
between r (or R )  and rn 

15.1 It cannot always be taken for granted that there exists a 
regular functional relationship between r (or RI and m. In par- 
ticular where material heterogeneity forms an inseparable part 
of the variability of the test results (see 4.2.4 and 4.2.61, there 
will only be a functional relationship if this heterogeneity is a 
regular function of m. With solid materials of different com- 
position and coming from different production processes, a 
regular functional relationship is in no way certain. This point 
should be decided before the following procedure is applied. 
Alternatively, separate values of r and R would have to be 
established for each material investigated. 

15.2 The reasoning and computational procedures presented 
in 15.3 to 15.9 apply to both r and R ,  but they are presented 
here for r only for the sake of brevity. Only three types of rela- 
tionship will be considered : 

a) equation I (a straight line through the origin) 

r = bm 

b) equation II (a straight line with a positive intercept) : 

r = a + b m  

c) equation III (an exponential relationship) : 

iogr = c + d iogm (or r = C m 4  : d < 1 

It is to be expected that in the majority of cases at least one of 
these formulae will give a satisfactory fit. If not, the statistical 
expert carrying out the analysis should seek an alternative solu- 
tion. To avoid confusion, the constants a,  b ,  c, C and d, occur- 
ring in these equations may be distinguished by suffixes a,, b,, 
... for r, and aR, bR,  ... for R ,  but these have been omitted in 
this clause to simplify the notations. 

15.3 In general, d > O so that equations I and III will lead to 
r = O for m = O, which may seem unacceptable from an ex- 
perimental point of view. However, when reporting the preci- 
sion data, it should be made clear that they apply only within 
the levels covered by the inter-laboratory precision experiment. 

15.4 For a = O and d = 1, all three equations are identical, 
so when a lies near zero and/or d lies near unity, two or all three 
of these equations will yield practically equivalent fits. In such 
a case equation I should be preferred because it permits the 
simple statement : 

"Two single test results are considered as suspect when 
they differ by more than (100b) YO." 

In statistical terminology, this is a statement that the coefficient 
of variation, (100s/m), is a constant for all levels. 

15.5 If in a plot of rj against m) or logrj against logmi, the 
set of points are found to lie reasonably close to a straight line, 
a line drawn by hand may provide a satisfactory solution; but if, 

for some reason, a numerical method of fitting is preferred, the 
procedure of 15.6 is recommended for equations I and II, and 
that of 15.8 for equation III. 

15.6 From a statistical viewpoint, the fitting of a straight line 
is complicated by the fact that both m and rare estimates and 
thus subject to error. However, as the slope b is usually small 
(of the order of 0,l  or less), then errors in m have little influence 
and the errors in estimating r predominate. 

15.6.1 A good estimate of the parameters of the regression 
line requires a weighted regression because, statistically, the 
standard error of r is proportional to the predicted value of r( î). 

The weights have to be proportional to Il?;, where Pj  is the 
predicted repeatability for level j .  However, F j  depends on 
the parameters that have yet to be calculated. 

A mathematically correct procedure for finding estimates cor- 
responding to the weighted least squares of residuals of r is 
rather complicated; the following procedure, which has proved 
to be satisfactory in practical applications, is recommended. 

/' 

15.6.2 With weights W, equal to l l r$  where n = O, 1 ,  2, ..., 
for successive iterations, then the calculated formulae are 

TI = I Wj 

T2 = / m i W j  

T, = Wjmf 
J 

T4 = 7 Wjrj 

T~ = C Wjmjrj 
J 

.4 

Then for equation I ( r  = bm),  the value of b is given by T5lT3. 

For equation II (r = a + bm), the values of a and b are given 
bY 

and 

15.6.3 For equation I, algebraic substitution for the weights 
leads to the following simplified expression : 

C (rjimji 
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rnj and rj 

Wûj 

15.6.4 For equation II, the initial values roj are the original 
values of r as obtained by one of the procedures laid down in 
clause 14. These are used to calculate 

Values as in 15.9.1 

15 4,o 7.9 1,1 0.82 

1 .  
r2 Qi 

WQi = - (J  = 1, 2, ..., q)  

and to calculate al and bl as in 15.6.2. This leads to 

‘ 1  j 

W1.I 

‘ î j  

W2j 

‘3j 

rl = al  + blml 

or 

r1 = 0,161 + 0,025 1 rn 

0,260 0,369 0,517 0,552 0,673 

15 7,3 3.7 3,3 2 2  

r2 = 0,085 + 0,043 6 m 

0,257 0,446 0,703 0,765 0,975 

15 5,O 2,o 1.7 1 ,O 

r3 = 0.090 + 0,043 O rn 

0,261 0,449 0,704 0,765 0,974 

(The difference from r2 is negligible) 

rlj = al + blmj 

taken from the case study in clause 24 and have been used here 
only to illustrate the numerical procedure. They will be further 
discussed in clause 24. 

15.9.1 Example of  fitting equation I : r = bm 

3.94 8,28 14,18 15,59 20.41 

0,258 0,501 0,355 0,943 1,102 

0,065 5 0,060 5 0,025 O 0,060 5 0,054 O 

mJ 

‘J 

rAm, 
0,265 5 
__ -  - 0,053 1 

5 
I 

0,053 1 m 

The computations are then repeated with 
15.9.2 Example of  fitting equation II : r = a + bm 

- to produce 

r2 = a2 + b2m 

The same procedure could now be repeated once again with 
weights W2j = lIr& derived from these equations, but this 
will only lead to unimportant changes. The step from WO, to 
W l j  is effective in eliminating gross errors in the weights, and 
the equations for r2 should be considered as the final result. 

15.7 The standard error of logr is approximately proportional 
to Vir ) ,  the coefficient of variation of r .  As the standard error of 
r is proportional to the predicted value of r (?) ,  the standard 
error of logr will be independent of rand an unweighted regres- 
sion of logr on log m is appropriate for equation III. 

15.8 For equation 111, the computational formulae are : 

Tl = c iogmj  
J 

T2 = iiogmj)2 
J 

T3 = logrj 
J 

T~ = C (iogmj) iiogrj) 
J 

and thus 

T2T3 - TîT4 
c =  

9T2 - r: 
and 

15.9 Examples of fitting equations I, II, and III of 15.2 to the 
same set of data are given in 15.9.1 to 15.9.3. The data are 

NOTE - The values of the weights are not of critical importance. Two 
significant figures suffice. 

15.9.3 Example of f i t t ing equation III : 
logr = c + d logm 

16 Statistical analysis as a step-by-step 
procedure 

NOTE - Figure 2 illustrates, in a step-by-step sequence, the pro- 
cedure described in this clause. 

16.1 Collect all available test results in one table - table A of 
figure 1 (see 11.5 and 11 5.11. It is recommended that this table 
be arranged into p rows, indexed i = 1, 2, .. . , p ,  representing 
the p laboratories that have contributed data, and q columns, 
indexed j = 1, 2, ..., q, representing the q levels in increasing 
order. 
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In a uniform-level experiment, the test results within a cell of 
table A need not be distinguished and may be put in any 
desired order. However, in a split-level experiment, it shall be 
clearly stated which of the two test results belongs to  sub- 
level a and which to sub-level b, and the results shall be entered 
in that specific order. (See clause 6.) 

16.2 Inspect table A for any obvious irregularities; investigate 
and, if necessary, discard any obviously erroneous data and 
report to the panel. It is sometimes immediately evident that the 
test results of a particular laboratory or in a particular cell lie at a 
level inconsistent with the other data. Such obviously discor- 
dant data should be discarded straight away, but the fact shall 
be reported to the panel for further consideration. (See 17.1 .) 

16.3 From table A, corrected in accordance with 16.2 when 
needed, compute table B containing measures of within-cell 
spread, and table C containing the cell averages. (See 11.5.1, 
11.5.2 and 11.5.3.) 

When a cell in table A for a uniform-level experiment contains 
only a single test result, one of the options of 14.3 should be 
adopted. A single test result in a cell for a split-level exper- 
iment shall be discarded. 

16.4 Inspect tables B and C, level by level, for possible strag- 
glers and/or statistical outliers [see 11.2.3 ail. Apply the 
statistical tests of clauses 12 and 13 to all suspect items and 
mark the stragglers with a single asterisk and the statistical 
outliers with a double asterisk. If there are no stragglers or 
statistical outliers, ignore 16.5 to 16.9 and proceed directly 
with 16.10. 

16.5 Investigate whether there is, or may be, some technical 
explanation for the stragglers and/or statistical outliers and, if 
possible, verify such explanations. Correct or discard, as re- 
quired, those stragglers and/or statistical outliers that have 
been satisfactorily explained, and apply corresponding correc- 
tions to the tables. If there are no stagglers or statistical outliers 
left that have not been explained, ignore 16.6 to 16.9 and pro- 
ceed directly with 16.10. 

NOTE - A large number of stragglers and/or statistical outliers may 
indicate a pronounced variance in homogeneity or pronounced dif- 
ferences between laboratories, and thereby cast doubt on the suitabil- 
ity of the test method: this should be reported to the panel. 

16.6 If the distribution of the unexplained stragglers or 
statistical outliers in tables 6 or C does not suggest any outlying 
laboratories [see 11.2.3 d)], ignore 16.7 and proceed directly 
with 16.8. 

16.7 If the evidence against some suspected outlying 
laboratories is considered strong enough to justify the rejection 
of some or all data from these laboratories, discard the requisite 
data and report to the panel. 

The decision to reject some or all data from a particular labora- 
tory is the responsibility of the statistical expert carrying out the 
analysis, but shall be reported to the panel for further con- 
sideration. (See 17.1 .) 

16.8 If any stragglers and /or statistical outliers remain that 
have not been explained or attributed to an outlying laboratory, 
discard the statistical outliers but retain the stragglers. 

16.9 If, in the previous steps, any entry in table B has been 
rejected, the corresponding entry in table C shall also be re- 
jected, and vice versa. 

16.10 From the entries that have been retained as correct in 
tables B and C, compute, by the procedures given in clause 14, 
for each level separately, the mean level mj, the repeatability ri 
and the reproducibility R j .  

I 

16.11 If the experiment only used a single level, or if it has 
been decided that the repeatability and reproducibility should 
be given separately for each level (see 15.1) and not as func- 
tions of the level, ignore 16.12 to 16.17 and proceed directly 
with 16.18. 

NOTE - The following steps 16.12 to 16.16 are applied to r and R 
separately, but, for the sake of brevity, they are written out in terms of 
r only. 

16.12 
may depend on m or not. 

Plot ri against mj and judge from this plot whether r 

If r is judged to depend on m, ignore 16.13 and proceed directly 
with 16.14. 

If r is judged to be independent of M, proceed with 16.13. 

If in doubt, it is best to work out both cases and let the panel 
decide. 

d 

There exists no useful statistical test appropriate for this 
problem, but technical experts familiar with the test method 
should have sufficient experience to take a decision. 

1 
q J  

16.13 Use the average - c rj = r as the final value of the 

repeatability. Ignore 16.14 to 16.17 and proceed directly 
with 16.18. 

16.14 Judge from the plot of 16.12 whether the relationship 
between r and m can be represented by a straight line, and, if 
so, whether equation I ( r  = bm) or equation II ( r  = a + bm) 
is more appropriate (see 15.2). Determine the parameter 6, or 
the two parameters a and 6,  by the procedure of 15.6. If the 
linear relationship is considered satisfactory, ignore 16.15 and 
proceed directly with 16.16. If not, proceed with 16.15. 
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16.15 Plot logrj against logm,j and judge from this plot 
whether the relationship between logr and logm can reason- 
ably be represented by a straight line. If this is considered 
satisfactory, fit equation III (logr = c + d logml (see 15.21, 
using the procedure of 15.8. 

16.16 If a satisfactory relation has been established accord- 
ing to 16.14 or 16.15, then the final values of r (or R )  are the 
smoothed values obtained from this relationship for given 
values of m. Ignore 16.17 and proceed with 16.18. 

16.17 If no satisfactory relationship has been established ac- 
cording to 16.14 or 16.1.5, the statistical expert should decide 
whether some other relationship between r and m can be 
established or, alternatively, that whether the data are so 
irregular that the establishment of a functional relationship is 
considered as impossible. 

16.18 When the final values of r and R have been estab- 
lished, it is possible to verify that they correspond to a 95 % 
probability, as required by the definitions of 3.1, by means of 
the data from which they have been computed. How this can 
be done is illustrated in the case studies in clauses 22 to 24. 

17 
by, the panel 

17.1 

Reporting to, and decisions to be taken 

Report by the statistical expert 

Having completed the statistical analysis, the statistical expert 
should write a report to be submitted to the panel. In this 
report, the following information should be given : 

a) a full account of the observations received from the 
operators and/or supervisors concerning the standard for 
the test method [see 10.6 cil; 

b) a full account of the laboratories that have been 
rejected as outlying laboratories in steps 16.2 or 16.7, 
together with the reasons for their rejection; 

c) a full account of the stragglers and/or statistical outliers 
that were discovered, and whether these were explained 
and corrected, or discarded; 

d) a table of the final results mj, r j ,  and R j  and an account 
of the conclusion reached in steps 16.12, 16.14 or 16.15, 
illustrated by one of the plots recommended in these steps; 

e) tables A, B and C (see 11.5) used in the statistical 
analysis, possibly as an appendix. 

17.2 Decisions taken by the panel 

The panel should then discuss this report and take a decision 
concerning the following questions : 

a) Are the discordant test results of rejected outlying 
laboratories, if any, due to defects in the description of the 
standard for the test method? 

b) What action should be taken with respect to rejected 
outlying laboratories? (See 17.3.) 

c) Do the results of the outlying laboratories and/or the 
comments received from the operators and supervisors 
indicate the need to improve the standard for the test 
method? If so, what are the improvements required? 

d) Do the results of the precision experiment justify the 
establishment of final values of the repeatability and the 
reproducibility? If so, what are the final values for 
repeatability and reproducibility, in what form shall they be 
published, and what is the region in which the precision 
data apply? 

17.3 Outlying laboratories 

If the method has been accepted as being satisfactory, 

a) all laboratories rejected as outliers shall be informed of 
the fact and of the reasons for their rejection; 

b) a laboratory rejected on the basis of stragglers and/or 
statistical outliers in table 6 will show too high a repeat- 
ability variance, which may be due to poor technique or lack 
of experience of the operator. These laboratories should be 
encouraged to improve their method, using the established 
value of the repeatability as a guide (see section four). 

c) a laboratory rejected on the basis of stragglers and/or 
statistical outliers among the cell averages in table C may be 
misreading the standard, or using some instrument with a 
serious systematic error in its readings. This requires further 
investigation; the panel should discuss how this can be 
organized and take corresponding action. 
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~ 

Repeatability Reproducibility 
conditions conditions 

Sr r SR R 
Range or level . 

From to 

From to 

etc. 

From to 

Section four : Utilization of precision data 

~ 

Range or level 

From to 

From to 

etc. 

From to 

18 Publication of repeatability and 
reproducibility values 

Repeatability Reproducibility 
conditions conditions 

Sr r SR R 
. 

18.1 When a standard test method, for which precision data 
have been determined, is published, such data shall be included 
in a section of the method headed "Precision". This section is 
as much an integral part of the method as other sections on ap- 
paratus, reagents, etc. 

18.2 The repeatability and reproducibility values should nor- 
mally be published as a table of five columns giving, respective- 
ly, the range of test results (or a typical result), the repeatability 
for that range (or level), both as a standard deviation and as a 
critical difference, and the reproducibility for that range (or 
level) again both as a standard deviation and as a critical dif- 
ference : 

18.3 A statement should be added linking the precision to 
the difference between two results and to the 95 % probability 
level. Suggested wordings are as follows : 

"The difference between two single results found on identi- 
cal test material by one operator using the same apparatus 
within the shortest feasible time interval will exceed the 
repeatability value r on average not more than once in 20 
cases in the normal and correct operation of the method." 

"Single results on identical test material reported by two 
laboratories will differ by more than the reproducibility value 
R on average not more than once in 20 cases in the normal 
and correct operation of the method." 

18.4 A statement can optionally be added that both results 
should be considered suspect if the repeatability or reproduci- 
bility value, as appropriate, is exceeded. Statements regarding 
subsequent actions, e.g. repetition of the test, may also be 
included in the section on precision. 

18.5 In general, a brief mention of the precision experiment 
should be added to the precision section, possibly as a foot- 
note. A suggested wording is as follows : 

"The precision data were determined from an experiment 
conducted in (year) involving ( p )  laboratories and (q)  
samDles." 

19 Other critical differences derivable from 
r a n d  R 

19.1 The critical differences, as stated in 3.3.2, are for 95 % 
probability levels. It is possible, however, to derive the critical 
differences for other probability levels. 

19.1.1 
than 95 YO 

Critical difference for probability levels other 

These can be obtained by multiplying the critical differences for 
a level of 95 % by the multiplying factors given in table 1. 
These multiplying factors are only valid when the distribution of 
the components B and e in the model of 5.1 are normal or 
approximately normal. 

Table 1 - Multiplying factors for finding critical 
differences for probability levels other than 95 YO 

I % I l Multiplying factor Probability level, P 

90 
95 
98 
99 
99.5 

0,82 
1 ,O0 
1.16 
1,29 
1,40 

19.2 As stated in 3.1.9, 3.1.14 and 18.3, the uses of rand R 
are limited to the cases of two single test results obtained under 
either repeatability or reproducibility conditions. It is possible, 
however, to derive from r and R critical differences (via their 
variance components) for cases other than two single test 
results (see 19.2.1 to 19.2.4). The examples of critical differ- 
ences are given for the 95 % probability level; for other prob- 
ability levels, the factors in table 1 can be used. 

19.2.1 
in one laboratory 

More than two single determinations carried out 

If, in one laboratory under repeatability conditions, two groups 
of tests are performed, with the first group on "1 tests giving a 
mean value of and the second group of "2 tests giving a 
mean value of u2, then with s, still being the basic standard 
deviation : 

. . (18) 

NOTE - If "1 and "2 are both unity, this reduces to r ,  as expected. 

19.2.2 Two laboratories each doing more than one 
determination 

If the first laboratory performs n i  determinations giving a mean 
value yi, while the second laboratory performs "2 determi- 
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nations giving a mean value 72, then the variance of the diffe- 
rence (Yl - y2) is given by 

Therefore 

In particular, if ni = n2 = 1, this reduces to R as expected, 
and if ni = n2 = 2, this produces 

19.2.3 Comparison with a reference level for one 
laboratory 

If n determinations performed by one laboratory under repeat- 
ability conditions produce a mean value Ywhich is to be com- 
pared with a reference value m,, then the variance of 7 - m,  is 
given by 

Theref ore 

CrD= 

19.2.4 Comparison with a reference level for several 
laboratories 

If p laboratories have performed ni  determinations giving avera- 
ges% (where i = 1, 2, ..., p ) ,  and an overall average 

IS0 5725-1986 (E) 

to be compared with the reference value rno, then the variance 
of L i s  given by 

s== z l (  - s2 + - c  - s 2  l r )  
V P L P  " i  

Therefore 

NOTE - When, in comparing two averages, or a single average with a 
reference value, the absolute difference exceeds the corresponding 
critical differences as given above, then the difference should be con- 
sidered as suspect. There may be an assignable cause and this should 
be investigated. In particular, when the reference value in 19.2.3 or 
19.2.4 is a "true value" or "conventional true value", a suspect dif- 
ference may indicate that the test method has a bias. 

20 Practical applications 

There are many practical applications of repeatability and repro- 
ducibility, some of which are indicated in clause 19. Some of 
these applications cover such matters as conformity with speci- 
fications, the problems to be borne in mind when designing 
specifications, differences in results obtained by a supplier and 
a consumer, etc. There are also some slight modifications to be 
made to the procedures indicated in this International Standard 
to cater for such problems as the recalibration of equipment 
between tests, the effect on repeatability of longer time inter- 
vals between tests, the verification of the repeatability of a 
single laboratory, or the effect on reproducibility when the two 
cooperating laboratories are always the same. 

Such practical applications and variations in procedure have 
not been discussed in detail in this International Standard. The 
practical applications and variations in procedures will be dealt 
with in future International Standards. 
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Section five : Examples 

NOTE - Technical Committee ISO/TC 69 is grateful to the individuals and organizations that provided the practical data for these examples. 

21 General information 

21.1 In a report on the results of a precision experiment, full details should be given concerning the standard of the test method and 
the way the samples have been prepared. In most of the examples given in clauses 22 to 25 this information is missing. In the 
literature, data are often used to illustrate the statistical analysis, the test method by which they were obtained being considered im- 
material. As the main purpose of these examples in this section is to show how the analysis by the step-by-step procedure of clause 16 
works out in practice, and to illustrate the report to the panel made by the statistical expert (see 17.11, this usual procedure has been 
adopted here. However, some references are given so that the interested reader can find details of the standards for the test methods, 
if so desired. 

21.2 The examples in this section show, in particular, that the application of a systematic analytical procedure by rote does not 
always tell the whole story. Not infrequently an attentive statistician will notice peculiarities in the data that are not covered by the 
tests laid down in clause 16 and this induces him to apply some further criteria or graphical presentation. As it is impractical in this 
International Standard to cover all possible variations, a few examples have to suffice. They demonstrate why the analysis should 
preferably be carried out by a statistical expert experienced in the analysis of experimental data. 

- 
21.3 
computed. Such checks are illustrated in the examples. 

It may be desirable to check the 95 % level for the repeatability and for the reproducibility on the data from which they were 

21.4 The examples have been chosen to cover most aspects of the analysis. The first three examples are of uniform-level ex- 
periments, the first giving an example with few problems as all data are complete and there are no suspect observations. The second 
example covers the case where some test results were missing, and the third example shows a case where the data were originally 
complete but some of the observations were suspect. This third example also covers the fitting of a functional relation to the results. 
The final example is a case of a split-level experiment. 

22 Uniform-level experiment with no missing or outlying data 

22.1 Background 

22.1.1 Test 

Determination of sulfur content in coal, with results expressed as a percentage by mass. Analysis carried out in accordance with a 
standardized method described in the source cited (see 22.1 -21. 

22.1.2 Source 

TOMKINS, S.S. industrial and engineering chemistry. Analytical edition, 1942, 14, pp. 141-14. [31 

22.1.3 Description 

Eight laboratories participated in the experiment. Laboratory 1 reported four test results and laboratory 5 reported five or four; the 
other laboratories all carried out three tests. 

22.2 Original data 

The original data are given, as a percentage by mass [% (mlm)], in table 2, in the format of table A in figure 1 (see 11.5) and do not 
invite any specific remarks. 

Y 
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0.70 
0.69 
0,66 
0.71 
0.69 

Table 2 - Original data 

1.31 1 .a 
1.22 1.67 
1.22 1,60 
1.24 1.66 

1,68 

1 2 3 4 

6 

1 

Oj74 1.36 1,73 3,31 
0.73 1.37 1,73 3.29 

2 

8 

0.71 
0,71 
0.70 
0.71 

0,70 1,24 1,67 3,25 
0.65 122  1,68 3.26 
0,68 1,30 1,67 3,26 

O B  
0.67 
0.68 

A 

3,26 
3.26 
3.20 
3,24 

3.20 
3.20 
3.20 

1 
2 
3 
4 
5 
6 
7 
8 

3 

0.005 
0,010 
0,021 
0,010 
0,019 
0.006 
0,012 
0,025 

4 

0.69 1,30 

0,67 1,23 
0,65 1.18 

5 

3.20 
3,19 
3,18 
3.27 
3.24 

I I 0.73 I 1.39 I 1.70 I 3.27 I 

0.71 1,20 1.69 3.27 I 0.71 1 12'6 I ;g 1 3,24 I 
O,@ 1,26 3.23 

22.3 Computation of the standard deviations, sij 

The standard deviations are given, as a percentage by mass [% (rnlrnll, in table 3 in the format of table B in figure 1 (see 11.5). 

Table 3 - Standard deviations 

Level j 1 2 

Laboratory i sij nij su nij 

0,015 
0,025 

5 0.043 4 
0,015 

3 0,035 3 
3 0,042 3 

3 

sij I " i j  

0,012 
0,032 
0,017 
0,010 
0.006 

sij 

0,028 
0.000 
0,010 
0,038 
0,038 
0,020 
0,021 
0.006 

- 

- 

4 - 
"ij 

4 
3 
3 
3 
5 
3 
3 
3 

- 

- 

Cochran's test is applied with n = 3 when, for p = 8 laboratories, the critical values are for 5 % = 0,516 and for 1 % = 0,615 : 

For level 1, largest s is in laboratory 8 : s2 = 0,001 82 : test value = 0,347; 

For level 2, largest s is in laboratory 5 : s2 = 0,006 36 : test value = 0,287; 

For level 3, largest s is in laboratory 5 : c s2 = 0,001 72 : test value = 0,598; 

For level 4, largest s is in laboratory 4 : c s2 = 0,004 63 : test value = 0,310. 
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3 

Yij “ i j  
- 

1,688 4 
1,643 3 
1,613 3 
1,667 3 
1,650 5 
1,720 3 
1,690 3 
1,673 3 

This indicates that one cell in level 3 may be regarded as a straggler, and there are no outliers. The straggler is retained in subsequent 
calculations. 

4 

Yi, “il  
- 

3,240 4 
3,200 3 
3,370 3 
3,203 3 
3,216 5 
3,290 3 
3,247 3 
3,257 3 

22.4 Computation of the cell averages, $j 

The cell averages are given, as a percentage by mass [% (mlm)] ,  in table 4 in the format of table C in figure 1 (see 11.5). 

Level j pi  

1 8 
2 8 
3 8 
4 8 

Table 4 - Cell averages 

mj 3: ‘j SR Ri 

0,690 0,ooO 230 0,042 0,000 698 0,074 
1,252 0,ooO 828 0,081 0,003 673 0,171 
1,667 0,ooO 291 0.048 0.001 210 0,097 
3,250 0,OOO 679 0,073 0,003 389 0,163 

Level j 

Laboratory i 

1 
2 
1 

1 

0,667 
0,660 
O, 690 
0,733 
0,703 
0,677 

2 

1,297 
1,203 
1,248 
1,373 
1,240 

Dixon’s test is applied with H = 8 for which the critical values are for Qii at 5 % = 0,608 and at  1 % = 0,717. The values of Qii 
found are as follows : 

0,733 - 0,708 0,025 - 
0,733 - 0,667 0,066 

At level 1, Qll = - 

- - 0,452 
1,373 - 1,297 
1,373 - 1,205 0,168 

At level 2, Qii = 

1,720 - 1,690 0,030 - 
1,720 - 1,643 0,077 

At level 3, Qlr = - 

- - 0,479 
3,370 - 3,290 
3,370 - 3,203 0,167 

At level 4, Qli = 

and there are no stragglers or outliers. 

22.5 

The computed values for mj ri and Rj  are given, as a percentage by mass [Om (mlm)] ,  in table 5 and are calculated as described 
in 14.9. 

Computation of mj, ï j  and Rj  

22.5.1 

Plots of the values of rand  R ,  given in 22.5, against m do not indicate any dependence and the average values can be adopted. 

Dependence of r (or RI on m 

34 

STANDARDSISO.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 IS
O 57

25
:19

86

https://standardsiso.com/api/?name=53083986c905cafe068ee2399638b56a


IS0 W25-1986 (E) 

22.5.2 Final values of r and R 

Rounded to three decimal places, the final values are 

r = 0,061 % ( rn/rn)  

R = 0,126 % (rn/m) 

22.6 Check on the values of r and R 

22.6.1 Repeatability 

As we have more than two tests per cell, the verification procedure is slightly more complicated than if we had exactly two, the normal 
criterion for repeatability. With n tests in a cell, we can derive from them n(n - 1 ) /2 differences between two single test results. Thus 
in eight laboratories we can get 

6 + 3 + 3 + 3 + 10 + 3 + 3 + 3 = 34in level 1. 

and likewise 

30, 34 and 34 in levels 2, 3 and 4, respectively. 

Of these 132 differences, eight differences or 6,l YO lie above the repeatability and 93,9 % below, which is compatible with a 95 YO 
probability level. 

22.6.2 Reproducibility 

The averages in 22.4 are based on three, four or five test results, which is again slightly more complicated than if we had just two. 
Therefore, the formula given in 19.2.2 shall be used, but we find that there is very little difference for different values of n, as, for 
example, 

forni = n2 = 3; CrDg5 = 0,115 

for ni = n2 = 5; CrD, = 0,113 

If we apply an average criterion of 0,114 to all comparisons between cell averages, at  each level we can form 28 differences, that is 112 
in total. Of these, nine (O + 6 + O + 3) or 8,O % lie qbove the critical difference, which is quite an acceptable result. 

22.7 Conclusions 

The precision of the test method, expressed as a percentage by mass I %  ( rn /rn) l ,  is given as 

Repeatability 

Standard deviation s, = 0,022 

Value of r = 0,061 

Reproducibility 

Standard deviation sR = 0,045 

Value of R = 0,126 

These values may be applied within a range from 0,69 to 3,25 % (rn/m), being determined from a uniform-level experiment involving 
eight laboratories covering that range of values, in which only one straggler was detected and retained. 
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23 Uniform-level experiment with missing data 

23.1 Background 

23.1.1 Test 

Determination of the softening point of pitch by ring and ball, involving temperature measurement in degrees Celsius. 

23.1.2 Source 

Standard methods for testing far and its products. 7th edition, 1979. Pitch section, Method Serial No. PT3 using neutral g1y~erine.L~' 

23.1.3 Material 

This was selected from commercial batches of pitch collected and prepared as specified in the "Samples" chapter of the Pitch section 
of the publication referred to in 23.1.2. 

23.1.4 Description 

16 laboratories participated; it was intended to test four specimens at approximately 87,5 O C ,  92,5 OC, 97,5 O C  and 102,5 OC to cover 
the normal commercial range of products, but wrong material was chosen for level 2 with a mean temperature of about 96 OC which 
was similar to level 3. Laboratory 5 applied the method incorrectly at first on the sample for level 2 (the first one they tested) and there 
was then insufficient material remaining for more than one determination. Laboratory 8 found that they did not have a sample for 
level 1 (they had two specimens for level 41. 

d 

23.2 Original data 

The original data are given, in degrees Celsius (OC) ,  in table 6 in the format of table A in figure 1 (see 11.5). 

Table 6 - Original data 

Level j 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 

1 

89.6 
89.8 
87,5 
88.5 
90.0 
90.5 
=.2 

88,4 
85,8 
84t4 
87.4 
90.4 
87,8 
87.6 
85.0 

- 

97,O 
98.5 
97,8 
96,8 
97.2 
97,8 
96,6 
96.0 
95,5 
95.2 
93,2 
95,8 
98,2 
97,O 
95,O 
95,O 

2 

97,2 
97.2 
94.5 
97,5 

97.2 
97.5 
97.5 
96.8 
95.0 
93.4 
95.4 
99,5 
95.5 
95.2 
93,2 

- 

96,5 
97.2 
94.2 
96.0 
98,2 
99.5 
982 
98,4 
98.2 
94,8 
93.6 
95.8 
%,O 
97.1 
97,8 
97.2 

3 

97.0 
97.0 
95.8 
98.0 
98.5 
103.2 
99.0 
97.4 
96.7 
93.0 
93,9 
95,4 
97,O 
96,6 
99.2 
97,8 

104,o 
102,6 
103,O 
102.5 
101,o 
102,2 
102.8 
102,6 
102,8 
99.8 
98.2 
101,7 
104,5 
105,2 
101,5 
99,5 

There are no ODVIOUS stragglers or statistical outliers, and no statistical tests are required at this stage. 

23.3 Cell ranges 

4 

104.0 
103.6 
99,5 
103.5 
100.2 
102.0 
102.2 
103.9 
102.0 
100.8 
97,8 
101.2 
105.6 
101.8 
100.9 
993 

In this example there are two results per cell and the ranges can be used to represent the variability. The cell ranges are given, in 
degrees Celsius (OC), in table 7 in the format of table B in figure 1 (see 11.5). 
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1 
2 
3 
4 
5 
6 

Table 7 - Cell ranges 

90,30 
89,75 
87.75 
88.85 

89.50 

Level j 

Laboratory i 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 

2 4 

Application of Cochran's test leads to the values of the test statistic C given in table 8. 

Table 8 - Values of Cochran's test statistic 

Level j 

From annex A, the critical values at the 5 % probability level are given as 0,471 for p = 15 and 0,452 for p = 16 where n = 2. No 
stragglers are indicated. 

23.4 Cell averages 

The cell averages are given, in degrees Celsius (OC), in table 9 in the format of table C in figure 1 (see 11.5). 

Table 9 - Cell averages 

7 88.55 
8 
9 I &25 

85190 

87.65 

86.90 

2 3 4 

97,lO 96,75 
97,85 97,lO 
96.15 1 95.00 I 
97,15 97.00 

97.50 101.35 
- 1 98,35 1 

97,05 
96.75 
96,15 
95.10 
93,30 
95,60 
98,85 
96.25 

98160 
9730 
97,45 
93.90 
93.75 
95.60 
97,50 
96.85 

95110 98150 
94.10 I 97.50 I 

104,00 
103.10 
101.25 
103.00 
100.60 
102.10 
1029 
103.25 
102,40 
100.30 
98.00 
101,45 
105,05 
103.50 
101.20 
99,65 

NOTE - The entry for i = 5, j = 2 has been dropped (see 14.3). 
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1 
2 
3 
4 

From table 9, taking j = 3 as an example, Dixon's test statistic is 

15 88.40 1,230 3 3,11 2,787 8 4.68 
15 96.27 0,856 O 239 2,550 4 4.47 
16 97,07 0,986 9 2.78 4,041'4 5,63 
16 101,s 1,007 8 2.81 3,667 O 5.37 

9500 -93,75 
98,50 -93,75 

= 0,263 

Qz = the higher of and 
101,35 - 98.50 
101,35 - 95,oO 

= 0,449 

The critical value at  5 % for p (or H )  = 16 is 0,546. No straggler is indicated. Similar calculations for the other three levels show 
values of QZ of 0,260, 0,429 and 0,473, which are also not significant at the 5 % level. 

23.5 'Computation of my rj and R j  

The computed values for mi' rj and R j  are given, in degrees Celsius ( O C ) ,  in table 10 and calculated as described in 

Table 10 - Computed values of mp rj and Ri 

14.7. 

23.5.1 Dependence of r (or RI on m 

A plot of r or R against m shown in figure 3 does not reveal any marked dependence. The changes over the range of values of m, if 
any at all, are too small to be considered significant. Moreover, in view of the small range of values of m and the nature of the 
measurements, a dependence on m is hardly to be expected. It seems safe to conclude that rand R do not depend on m in this range, 
which was stated as covering normal commercial material, SO that the averages may be taken as the final values for repeatability and 
reproducibility. 

90 95 100 
Mean level, mj O C  - 

J 

X Rj 
rj 

Figure 3 - Plot of rj and R j  against mj 
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Number 

pairs 
Level of 

1 105 
2 105 
3 120 
4 120 

Total 450 

23.5.2 Final values of r and R 

Rounded to 0,l O C ,  the final values are 

r = 2,8 O C  

R = 5,O O C  

Number 
of differences 

exceeding 4.6 OC 

2 
2 

10 
7 

21 

23.6 Check on the values of r and R 

23.6.1 Repeatability 

Table 7 contains 62 absolute differences between single test results to which the repeatability should apply. Of these about 5 % 
should be greater than the repeatability 2,8 O C .  In fact, six of the ranges or almost 10 % are greater than 2,8 O C .  This could be 
explained as accidental and within practical limits, but a closer inspection of table 7 would be useful before drawing any final con- 
clusions. A tally of the ranges is given in table 11. 

Table 11 - Tally of ranges 

I Tally frequency I 34 1 20 1 2 I 6 

There are only two ranges in the interval 2,O to 2,9, both lying at the lower limit of 2,0, but there are çix in the interval 3,O to 3,9 evenly 
spread through the interval and scattered through table 7, not occurring particularly in one laboratory or one level. 

If the errors within laboratories possessed approximately normal distributions with a common variance, then the ranges in table 7 
would have approximately the distribution of the absolute values of a normal variate with mean zero. The tally given in table 1 1  seems 
to contradict this. 

If all ranges in table 7 higher than 3,O O C  were eliminated, the repeatability would be reduced from 2,8 O C  to 1,9 O C ,  which indicates 
the degree of improvement that might possibly be achieved. If a high precision of the test were of primary importance, the point might 
warrant further investigation. 

23.6.2 Reproducibility 

The 95 % critical value for the difference between two averages of duplicate tests calculated from the formula in 19.2.2 is 4.6 O C .  

From table 9 in 23.4, table 12 giving the absolute difference between the possible pairs can be drawn up. 

Thus 4,7 % of the differences exceed the critical difference and this is almost exactly the 5 % according to the definition of 
reproducibility. 

23.7 Conclusions 

For practical applications, the values of rand R for the test method can be considered as independent of the level of material, and, 
expressed in degrees Celsius (OC),  are given as 
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